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%j '. Introduction 

This article is to contribute to the classification of finite-dimensional complex pointed Hopf 
algebras H with Weyl groups of exceptional type. The classification of finite dimensional 
pointed Hopf algebra with finite abelian groups has been completed ( see |AS98i IAS021 
IMM lASOKj [HiOH] ). Papers |A(;n3t IGHK)! IXZOTl WW7\ IXFOGI IXFOT] considered some 
non-abelian cases, for example, symmetric group, dihedral group, alternating group and 
the Mathieu simple groups. It was shown in [HSj that every Nichols algebra of reducible 
Yetter-Drinfeld module over non- commutative finite simple group and symmetric group 
is infinite dimensional. 

In this paper we find all —1-type pointed Hopf algebras and quantum linear spaces 
with Weyl groups of exceptional type. We show that every non —1-type pointed Hopf 
algebra is infinite dimensional and every quantum linear space is finite dimensional. It is 
desirable to do this in view of the importance of Weyl groups in the theories of Lie groups. 



Lie algebras and algebraic groups. We first give the relation between the bi-one Nichols 
algebra Q3(0„p) introduced in [GrOOl RZOTl IAHS081 RFZ] and the arrow Nichols algebra 
introduced in [CMtI \CBM IZZCl IZCZ] . |ZWCYal IZWCYb] applied the software GAP 



to compute the representatives of conjugacy classes, centralizers of these representatives 
and character tables of these centralizers in Weyl groups of exceptional type. Using the 
results in |ZWCYa| IZWCYb] and the classification theorem of quiver Hopf algebras and 
Nichols algebras in |ZCZl Theorem 1] we find all — 1-type pointed Hopf algebras and 
quantum linear spaces with Weyl groups of exceptional type. We prove that Nichols 
algebras of reducible Yetter-Drinfeld modules over Weyl groups of exceptional type are 
infinite dimensional except a few cases by applying [HSl Theorem 8.2, 8.6]. 

This paper is organized as follows. In section 1 it is shown that bi-one arrow Nichols 
algebras and <B(C„ p) introduced in [DPRl IGHkH IXZOTl lAHSOSi IXFZ] are the same up to 
isomorphisms. In section 2 it is proved that every non —1-type pointed Hopf algebra with 
real G{H) is infinite dimensional. In section 3 it is shown that every central quantum 
linear space is finite dimensional with an arrow PBW basis. In section 4 the programs 
to compute the representatives of conjugacy classes, centralizers of these representatives 
and character tables of these centralizers in Weyl groups of exceptional type are given. 
In section 5 all —1- type bi-one Nichols algebras over Weyl groups of exceptional type 
up to graded pull-push YD Hopf algebra isomorphisms are listed in tables. In section 6 
all —1- type bi-one Nichols algebras over Weyl groups of exceptional type up to graded 
pull-push YD Hopf algebra isomorphisms are listed in tables. In section 7 all central 
quantum hnear spaces over Weyl groups of exceptional type are found. In section 8 it is 
proved that except a few cases Nichols algebras of reducible Yetter-Drinfeld modules over 
Weyl groups of exceptional type are infinite dimensional. 

Preliminaries And Conventions 

Throughout this paper let k be the complex field; G be a finite group; G denote the set of 
all isomorphic classes of irreducible representations of group G; G^ denote the centralizer 
of s; Z{G) denote the center of G. For h & G and an isomorphism (p from G to G', define 
a map (ph from G to G' by sending x to (f>{hr^xh) for any x G G. Let s^ or Og denote the 
conjugacy class containing s in G. The Weyl groups of E^, E^, Eg, F^ and G2 are called 
Weyl groups of exceptional type. Let deg p denote the dimension of the representation 
space V for a representation {V, p). 

Let N and Z denote the sets of all positive integers and all integers, respectively. For a 
set X, we denote by |X| the number of elements in X. If X = ©i6/X(j) as vector spaces, 
then we denote by l^ the natural injection from X(i) to X and by VTi the corresponding 
projection from X to X(j). We will use ji to denote the multiplication of an algebra and 



use A to denote the coinultiplication of a coalgebra. For a (left or right) module and 
a (left or right) comodule, denote by a^ , a^, 6^ and S^ the left module, right module, 
left comodule and right comodule structure maps, respectively. The Sweedler's sigma 
notations for coalgebras and comodules are A{x) = X^^i ® ^2, 5~(a;) = X]^(-i) ® ^(o); 

^^i^) = E^(o) ®a^{i)- 

A quiver Q = {Qo,Qi,s,t) is an oriented graph, where Qo and Qi are the sets of 
vertices and arrows, respectively; s and t are two maps from Qi to Qq. For any arrow 
a G Qi, s{a) and t{a) are called its start vertex and end vertex, respectively, and a is 
called an arrow from s{a) to t{a). For any n > 0, an n-path or a path of length n in the 
quiver Q is an ordered sequence of arrows p = a„a„_i ■ ■ ■ ai with t(aj) = s(aj+i) for all 
1 < i < n — 1. Note that a 0-path is exactly a vertex and a 1-path is exactly an arrow. In 
this case, we define s{p) = s(ai), the start vertex of p, and t{p) = t(a„), the end vertex of 
p. For a 0-path x, we have s(z) = t{x) = x. Let Qn be the set of ri-paths. Let ^Q^ denote 
the set of all ri-paths from x to y, x,y E Qq. That is, ^Q^ = {p ^ Qn\ s{p) = x, t{p) = y}. 

A quiver Q is finite if Qq and Qi are finite sets. A quiver Q is locally finite if ^Qf is a 
finite set for any x,y G Qo- 

Let /C(G) denote the set of conjugate classes in G. A formal sum r = J2ceK(G) "^cC 
of conjugate classes of G with cardinal number coefficients is called a ramification (or 
ramification data ) of G, i.e. for any C G /C(G), re is a cardinal number. In particular, 
a formal sum r = 'Y1ic&k(g) ^cC of conjugate classes of G with non-negative integer 
coefficients is a ramification of G. 

For any ramification r and G G IC{G), since r^ is a cardinal number, we can choose 
a set Ic{r) such that its cardinal number is re without loss of generality. Let K,r{G) := 
{G G /C(G) I re ^ 0} = {C G /C(G') | Icir) ^ 0}. If there exists a ramification r of G such 
that the cardinal number of ^Qf is equal to re for any x,y E G with x~^y G C G }C{G), 
then Q is called a i^/^o;?/ quiver with respect to the ramification data r. In this case, there 
is a bijection from Ici^) to ^Qi, and hence we write ^Q^ = {ay^l \ i G /^(r)} for any 
x,y e G with x"^?/ G C G }C{G). 

{G, r, p , m) is called a ramification system with irreducible representations (or RSR 
in short ), if r is a ramification of G; u is a map from /C(G) to G with u{G) G G for 
any G G /C(G); Ic{r,u) and Jc(0 are sets with | Jc'(i) | = deg(p|^ ) and Ici^) = {{i^j) \ 
i G Ic{r,u),j G Jc(«)} for any G G /C^(G), i G Ic{r,u); "p = {Pc }ig7c(r,M),CGK:.(G) e 
nce^.(G)(^^^)'^''^''"^' with pg^ G G«(^) for any z G /c(r, w), G G /C,(G). In this paper we 
always assume that Icir, u) is a finite set for any G G ICr{G). Furthermore, if p|^ is a one 
dimensional representation for any G G /Cr(G), then (G,r, p ,«) is called a ramification 
system with characters (or RSC (G, r, p , ti) in short ) (see [ZZCt Definition 1.8]). In 
this case, Uy^i is written as ay^x in short since Jcii) has only one element. 

For RSR(G,r, "p^, w), let Xc denote the character of pg for any i G Ic{r,u), G G 



}Cr{C). If ramification r = rcC and Ic{r,u) = {i} then we say that RSR(G, r, p ,u) 
is bi-one, written as RSR(G, Os,p) with s = u{C) and p = p^j in short, since r only 
has one conjugacy class C and | Ic{r,u) \= 1. Quiver Hopf algebras, Nichols algebras 
and Yetter-Drinfeld modules, corresponding to a bi-one RSR(G,r, p ,u), are said to be 
bi-one. 

If {G,r,~p ,u) is an RSR, then it is clear that RSR(G', (9u(c), p^^ ) ^^ bi-one for any 
C G /C and i G /c(^7 u), which is called a bi-one sub-RSR of RSR(G, r, ~p , u), 

li (j) : A ^ A' is an algebra homomorphism and (M, a~) is a left A'-module, then 
M becomes a left y4-module with the A-action given hj a ■ x = (p{a) ■ x for any a & A, 
X G M, called a pullback A-module through 0, written as ^M. Dually, ii (/) : C —^ C is a. 
coalgebra homomorphism and (M, 6~) is a left C-comodule, then M is a left C'-comodule 
with the C'-comodule structure given by 6'~^ := {(f)<^id)S~ , called a push-out C'-comodule 
through (j), written as '^M. 

If i? is a Hopf algebra and M is a S-Hopf bimodule, then we say that [B, M) is a 
Hopf bimodule. For any two Hopf bimodules {B, M) and {B', M'), if is a Hopf algebra 
homomorphism from B to B' and "0 is simultaneously a S-bimodule homomorphism 
from M to ^M'^ and a S'-bicomodule homomorphism from 'I'M'^ to M', then {(pjip) is 
called a pull-push Hopf bimodule homomorphism. Similarly, we say that {B, M) and 
{B,X) are a Yetter-Drinfeld (YD) module and YD Hopf algebra, respectively, if M is 
a YD 5-module and X is a braided Hopf algebra in YD category f 3^i3). For any two 
YD modules {B, M) and {B' , M' ), if is a Hopf algebra homomorphism from B to B', 
and i/j is simultaneously a left 5-module homomorphism from M to ^M' and a left B'- 
comodule homomorphism from '^M to M', then (0, ?/)) is called a pull-push YD module 
homomorphism. For any two YD Hopf algebras {B, X) and {B', X'), if is a Hopf algebra 
homomorphism from B to B', ip is simultaneously a left S-module homomorphism from 
X to (f,X' and a left S'-comodule homomorphism from "^X to X', meantime, ^ also is 
algebra and coalgebra homomorphism from X to X' , then (0, ifj) is called a pull-push YD 
Hopf algebra homomorphism (see [ZZCt the remark after Th.4]). 

For s E G and (p, V) G G"*, here is a precise description of the YD module M{Os,p), 
introduced in |GrOOl IAZ07J . Let ti = s, . . . , t^ be a numeration of Og, which is a 
conjugacy class containing s, and let gi G G such that gi > s := gisg^^ = ti for all 
1 < z < m. Then M{Os,p) = ®i<i<mgi ® V. Let giV := gi(^v e M{Os,p), I < i < m, 
f G y. li V & V and 1 < i < m, then the action of /i G G and the coaction are given by 

6{giv) =ti(g)giV, h- (giv) = gj{-f v), (0.1) 

where hgi = gj'^, for some 1 < j < rn and 7 G G*. The explicit formula for the braiding 
is then given by 

c{giV (g) gjw) = U ■ (gjw) (g) giV = gjf{j ■ v) (g) giV (0.2) 



for any l<i,j<m, v,w^V, where tiQj = Qj/^ for unique /, 1 < j' < rn and 7 G G^. 
Let 55(0,,p) denote Q5(M(C,,p)). M{Os,p) is a simple YD module (see |AZ07l Section 
1.2 ]). Furthermore, if x is the character of p, then we also denote 25 (O^, p) by 53 (O^, x)- 

1 Relation between bi-one arrow Nichols algebras and 

In this section it is shown that bi-one arrow Nichols algebras and 53((9s,p) introduced in 
|GrOOt IAZ071 IAHS081 lAFZj are the same up to isomorphisms. 

For any RSR(G', r, p , m), we can construct an arrow Nichols algebra ^{kQ\, ad{G, r, p , 
u)) ( see [ZCZl Pro. 2.4]), written as ^{G,r, p , u) in short. Let us recall the pre- 
cise description of arrow YD module. For an RSR(G', r, p ,u) and a A;G-Hopf bimodule 
{kQ1,G,r, p ,u) with the module operations a~ and a"*", define a new left fcG-action on 
kQi by 

g > X := g ■ X ■ g^^, g E G,x E kQi, 

where g-x = a~{g®x) and x-g = a'^{x^g) for any g E G and x E kQi. With this left kG- 
action and the original left (arrow) /cG-coaction 6~, kQi is a Yetter-Drinfeld /cG- module. 
Let Q\ := {a E Qi \ s{a) = 1}, the set of all arrows with starting vertex 1. It is clear that 
kQ\ is a Yetter-Drinfeld /cG-submodule of kQi, denoted by {kQ\,ad{G,r, p ,u)), called 
the arrow YD module. 

Lemma 1.1. For any s E G and p E G^ , there exists a bi-one arrow Nichols algebra 
^{G,r,^ ,u) such that 

^{Os,p) = ^{G,r,^,u) 

as graded braided Hopf algebras in '^0^0. 

Proof. Assume that V is the representation space of p with p{g){v) = g ■ v for any 
g E G,v E V. Let G = Os, r = rcC, re = degp, u{C) = s, Ic{r,u) = {1} and 
{v)pjj (h) = p{h~^){v) for any h E G, v E V. We get a bi-one arrow Nichols algebra 
^{G,r,y,u). 

We now only need to show that M{Os,p) = {kQl, ad{G, r, ~p, u)) in loyD. We recall 
the notation in \ZCZ\ Proposition L2]. Assume Jc(l) = {1)2,--- ,n} and X^' = V 
with basis {X(^' | j = 1, 2, ■ ■ ■ , n} without loss of generality. Let Vj denote X(j' for 
convenience. In fact, the left and right coset decompositions of G'^ in G are 



G = [jg,G' and G = [JG^g-' , (1.1) 



«=1 i=l 

respectively. 



Let i/j he a map from M{Os,p) to {kQ\,ad{G,r,^,u)) by sending giVj to Oj/i for 
any 1 < i < m,l < j < n. Since the dimension is mn, -0 is a bijective. See 

= tj O a^l'f = {id (g) 'il;)6~ (giVj). 

Thus i/j is a /cG-comodule homomorphism. For any h E G, assume hgi = gi'^ with 7 G G^. 
Thus g^^h~^ = '~f~^g^^, i.e. Cj(^^^) = 7 ""^j where Ci was defined in |ZZCl (0.3)]. Since 
7 ■ x^^'^^ G y, there exist k^f^-l G k, 1 < p < n, such that 7 ■ x^"^'-'-* = ^" j^ k^'^'^lx^^'^\ 
Therefore 

x^i'^) ■ Ci(/i"^) = 7-x(^'-'') (by definition of p[.^^) 

n 

= Y.^P^^- (1-2) 

p=l 



See 



^{h-giVj) = tp{gi.{-iVj)) 

n 

= i^{gAY.^ci%)) 



p=i 
{i,j,p)(i,p) 



E, (i,i,p) (i,p, 
p=l 



and 



(iJ)> 



h>{i:{g,v,)) = h>{a\::l>) 



— "'hu,h ''- 

n 

= J2''ct-H:A (by [ZCZl Pro.1.2] and (O): 
p=i 

Therefore -0 is a fcG-module homomorphism. □ 

Therefore we also say that 23 (O^, p) is a bi-one Nichols Hopf algebra. 



.(^) 



Remark 1.2. The representation p in ^{Os,p) introduced in lGrOO[ AZOT^ and p^' 



in RSR are different. p(g) acts on its representation space from the left and plj{g) acts 
on its representation space from the right. 

s G G is real if s and s~^ are in the same conjugacy class. If every element in G is 
real, then G is real. Obviously, Weyl groups are real. 

Lemma 1.3. Assume that s (z G is real and x is the character of p E G^. //x(s) 7^ 
— deg(p) or the order of s is odd, then diin^{Os, p) = 00. 



Proof. If the order of s is odd, it follows from jAZOTt Lemma 2.2] and |AF07t Lemma 
1.3]. Now assume that xi^) ¥" ~deg(p). Since p{s) = Qssid, x{s) = qss{deg{p)) . Therefore 
Qss ^ -1 and dim^{Os,p) = oo by |AZn71 Lemma 2.2] and [AFO?! Lemma 1.3]. □. 



Lemma 1.4. (fcG, 03(0^, p)) = (A;G", <B(C,/,p')) «s graded pull-push YD Hopf algebras 
if and only if there exist h E G and a group isomorphism from G to G' such that 
(plh^^sh) = s' and p'cf)^ = p, where (phio) = 4>{h'^gh) for any g E G. 

Proof. Let G and C" be conjugacy classes of G and G', respectively; r = tqG and 
r' = rc'G' be ramifications of G and G', respectively. Applying Lemma 11.11 we only 
need show that {kG, ^(G, r, ~p, u)) = {kG\ 53(6*, r', p' , u')) as graded pull-push YD Hopf 
algebras if and only if there exist h E G and a group automorphism group isomorphism 
from G to G" such that (p{h-^u{G)h) = u'{G') and p'[5',Vh = pg^. Applying [ZCZl Theorem 
4], we only need show that RSR(G', r, p ,u) = RSR((j', r', p' , u') if and only if there exist 
h E G and a group isomorphism from G to G" such that (f){h^^u{G)h) = u'{G') and 
P C''Ph — Pc ■ This is clear. □ 

If we define a relation on group G as follows: x ~ y if and only if there exists a group 
automorphism of G such that 0(x) and y are contained in the same conjugacy class, 
then this is an equivalent relation. Let set {sj | i G Q} denote all representatives of the 
equivalent classes, which is called the representative system of conjugacy classes of G 
under isomorphism relations, or the representative system of iso-conjugacy classes of G 
in short. 

Proposition 1.5. Let {si \ i E Q} (^ G be the representative system of iso-conjugacy 
classes of G. Then {Q3((9s^,p) \ i E Q, p E G*'} are all representatives of the bi-one 
Nichols algebra over G, up to graded pull-push YD Hopf algebra isomorphisms. 

Proof. If *B((9s,p) is a bi-one Nichols Hopf algebra over G, then there exist z G fi, 
E Aut(G) and h E G such that 0h(s) = Sj. Let p' = p{(j)h)^^- By Lemma 11.41 
(A;G, <B(0„ p)) ^ (A;G, <B(0,,, p')) as graded pull-push YD Hopf algebras. 

It follows from Lemma [1.41 that (fcG, Q5((9s^,p)) and (A;G, ^(O^ , p')) are not graded 
pull-push YD Hopf algebra isomorphisms when i ^ j and i,jEQ. □ 

2 Diagram 

In this section it is proved that every non — 1-type pointed Hopf algebra with real G{H) 
is infinite dimensional. 

If if is a graded Hopf algebra, then there exists the diagram of H., written diag(i/), 
(see |ZZC[ Section 3.1] and jRa] ) . If if is a pointed Hopf algebra, then the coradical 
filtration Hopf algebra gr(ii) is a graded Hopf algebra. So gi{H) has the diagram, written 



diaggn-(if ), called the filter diagram of H. diagf^n{H) is written as diag{H) in short when 
it does not cause confusion (see |AS98l Introduction] ). 

A graded coalgebra C = ©J!^o^(n) is strictly graded if C(o) = k and C(i) = P{C) (see 



[Swl P232]). 

Proposition 2.1. If H = ©5^o-^(™) ^■^ '^ graded Hopf algebra and R := diag(ilf) is 
strictly graded as coalgehras, then H = giH as graded Hopf algebras. 

Proof. By (AS981 Lemma 2.5], H is coradically graded, i.e. H^ = ©^o-^(j) ^^^ 
m = 0,l,2,--- , where Hq C Hi C H2 ^ H^ C ■ ■ ■ is the coradical filtration of H. Define 
a map i(j from H to giH by sending a to a + i^m-i for any a G -ff(m) and ?7i = 0, 1, 2, 3, ■ • • . 
Note if_i := 0. Obviously, i/j is bijective. If a G /:/^(m), then there exist al , bj G iif(j) for 
< i < m, 1 < s < n^-, such that A (a) = E^o E"=i «i'^ ® ^«"~'^- See 

(V'®^)A(a) = (^ ® V') J] 5^ ai*^ ® ^i""'^ 

1=0 s=l 

j=0 s=l 

= A{a + Hm^i) 

(by the definition of comultiplication of grH in [Swt P229] ) 

= AV'(a). 

Thus ?/) is a coalgebra homomorphism. Similarly, ?/j is a algebra homomorphism. □ 

Consequently, every pointed Hopf algebra of type one ( since its diagram is Nichols 
algebra, see |ZCZ[ Section 2]) is isomorphic to its filtration Hopf algebra as graded Hopf 
algebras. 

Lemma 2.2. If R is a graded braided Hopf algebra in ^^^-^ ^'^^ ^■^ strictly graded 
as coalgebra gradations, then the subalgebra R generated by R(i) as algebras is a Nichols 
algebra. Furthermore, R generated by i?(i) as algebras in R is a Nichols algebra when R 
is the filter diagram of a pointed Hopf algebra H . 

Proof. We show the first claim by the following steps. Let 



.(1)t.(2) ...^(") ar,rl ,,-^(1) -y - M) . . . An) 



X = x'^'x'"' ■ ■ -x'"-* and y = x'^' , z = x'-'' ■ ■ ■ x^ 



with X G R, x*^*^ G -R(i) for i = 1, 2, ■ ■ ■ , n. 

(i) R is A;G'-submodule of i?. In fact h-x = /i-x'^^^x'^^^ ■ ■ -x*^") = (/i-x'^^))(/i-x*^^^) ■ ■ -{h- 
x(")) G Rii)R{i) ■ ■ ■ R{i) C R for any HeG. 

(ii) R is A;G-subcomodule of R. We use induction on n to show 6~{x) G kG®R. When 
n = 1, it is clear. Assume n> 1. 5~{x) = 5'{yz) = ^ y(_i)2;(_i) ® 2/(o)^(o) ^ kG R. 

8 



(iii) R is a subcoalgebra of R. We use induction on n to show A{x) & R® R. When 
n = 1 it is clear. Assume n > 1. 

Ar{x) = Aniyz) 

= ^yzi® Z2+ ^ y(-i) ■ zi (g) 2/(0)^2, 

which imphes Ar{x) E R^ R. 

For the second claim, since R is strictly graded as coalgebra gradations (see |AS98l 
Lemma 2.3 and Lemma 2.4]), ^ is a Nichols algebra by the first claim. □ 

Remark 2.3. By jASO^ Cor.2.3 ] R = <8(diagfiit(-f/'){i)) as graded braided Hopf algebra 
in l^yD, where R is the same as in Lemma lE^ There exists an RSR{G,r,^ ,u) such 
that 23(G, r, ~p, u) = Q3(diagfiit(-f^)(i)) as graded braided Hopf algebra in ^^3^-^? ^V \ZCZ\ 
Pro. 2.4]- We ca// 03 (diagfiit(-^)(i)) andRSR{G,r,~p ,u) the Nichols algebra and RSR of 
H , respectively. 

Definition 2.4. (i) RSR(G', r, p , "u) is of — 1 -type, if u{C) is real and the order ofuiC) 
is even with x^^ («(C)) = —XciX) ('^■^- Xc (^(^)) = ~degp[^^) for any C G lCr{G) and 
any i G Icij, u). 

(ii) Nichols algebra R over group G is of — 1-type if there exists —1-type RSR(G', r, p ,u) 
such that R = ^{G, r, p ,u) as graded pull-push YD Hopf algebras. 

(iii) Pointed Hopf algebra H with group G = G{H) is of —1-type if the Nichols algebra 
of H is of —1-type. 

Proposition 2.5. (i) IfRSR{G,r,~p,u) = RSR(G", r', 7, «') and RSR{G,r,~p,u) is 
of —1-type, then so is RSR(G",r', p' ,u'). 

(ii) // {kG, R) = {kG', R') as graded pull-push YD Hopf algebras and R is of —1-type, 
then so is R' , where R and R' are Nichols algebras over group algebras kG and kG' , 
respectively. 

(iii) // pointed Hopf algebras H and H' are isomorphic as Hopf algebras and H is of 
—1-type, then so is H' . 

Proof, (i) There exist a group isomorphism cf) : G ^ G', an element he E G such 
that (j){h'(^^u(G)hc) = u'{<j){G)) for any G G /C(G) and a bijective map (pc '■ Icif^u) -^ 
/(^(C)(r',M') such that Pc—Pl{c)Vhc fo^' any i G Ic{r,u). Therefore 

= Xc i'aiG)) (by the isomorphism ) 

= —Xcil) (by the definition of — 1-type) 

_ -a/('?^c(«))/'j, n'l'i— ,/(<^c(«))/i \ 
- ~^HC) y^hc[l)) - -X ^(c) U), 



which proves the claim. 

(ii) By [ZCZl Pro.2.4], there exist two RSR(G', r, "p , m) and RSR(G", r', 7,^') such 
that R ^ «B(G',r,y,M) and R' = ^{G',r',~^ ,u') as graded YD Hopf algebras. Thus 
RSR(G, r, ~p, u) = RSR(G", r', 7, W) by [ZCZl Theorem 4]. It follows from Definition [23] 
and Part (i) that RSR(G", r', 7, u') is of -1-type. 

(iii) It is clear that gr^T = giH' as graded Hopf algebras. Thus {kG, R) = {kC, R') 
as graded pull-push YD Hopf algebras by [ZCZ] Lemma 3.1], where kG and kG' are the 
coradicals of H and H', respectively; R = diagif and R' = diagi/'. Let R and R' denote 
the subalgebras generated by i?(i) and Ri^^ as algebras in R and R', respectively. It is 
clear that {kG, R) = {kG', R') as graded pull-push YD Hopf algebras. It follows from 
Part (ii) that H' is of -1-type. D 

In fact, the proof of Part (iii) above shows that if two pointed Hopf algebras are 
isomorphic, then their Nichols algebras are graded pull-push isomorphic. Similarly, we 
can prove that their RSR's are isomorphic. 

Proposition 2.6. If H is a pointed Hopf algebra with real G = G{H) and is not of 
— 1-type, then H is infinite dimensional. 

Proof. Let R be the (filter) diagram of H . By Lemma 12.21 R generated by R(i) as 
algebras in i? is a Nichols algebra. By [ZCZl Pro.2.4 (ii)], there exists an RSR(G, r, ~p , u) 
such that R = ^{G,r,~p,u) is graded pull-push YD Hopf algebra isomorphism. By 
assumption, there exist G G }Cr{G) and i G Ic{r,u) such that Xc (^(^)) ¥" ~deg(p[^ ) 
or the order of u{G) is odd. It follows from Lemma 11.31 that the bi-one Nichols al- 
gebra QS(G,r', p' ,u') is infinite dimensional, where ramification r' = r'^jG, p fj = p}j , 
u'{G) = u{G), Ic{r',u') C I(j{r,u) with | Ic{r',u') \= 1. Let Q' be a sub-quiver of Q 
with Q[, = Qo and Q[ := {4ti^ I x'^y e G,j e Jc{i)}. Since {k{Q')\,ad{G,r',^ ,u')) 
is a braided subspace of {kQ\,ad{G,r, p ,u)), we have dim?B(G',r, p ,u) = oo and H is 
infinite dimensional. □ 

RSR(G', r, p ,u) is said to be of infinite type if 23 (G, r, p ,u) is infinite dimensional. 
Otherwise, it is said to be oi finite type . For any RSR(G, r, ~p , u), according to the proof 
above, if there exist G E }Cr{G) and i G Ic{r,u) such that dim^ {Ou(c) ^ Pc) = C)0, then 
dimfB(G,r, p ,u) = oo. In this case RSR(G, r, p ,u) is said to be of essentially infinite 
type. Otherwise, it is said to be of non-essentially infinite type. For example, non —1-type 
RSR over real group is of essentially infinite type. However, it is an open problem whether 
RSR(G, r, ~p, u) is of finite type when it is of non-essentially infinite type, although paper 
|AHS08] gave a partial solution to this problem. 
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3 Generalized quantum linear spaces 

In this section it is shown that every central quantum hnear space is finite dimensional 
with an arrow PBW basis. 

Let 0" denote the braiding of the braided tensor category (C, a), li A and B are two 
objects of C and <7A,B(yB,A = ids^A and aB,AO'A,B = id^^B then a is said to be symmetric 
on pair {A, B). Furthermore, ii A = B, then a is said to be symmetric on object A, in 
short, or A is said to be quantum symmetric. 

Every arrow YD module (/cQ}, ad((j, r, p ,u)) has a decomposition of simple YD mod- 
ules: 

{kQl,ad{G,r,~p,u)) = ®c&Kr{G),ieic{r,u)kQl{G,Ou{c), Pc) (3.1) 

and ac{^)^DU) is a map from kQ\{G, Ou{c), Pc)®kQ\{G, Ou{d),p''d) to kQ\{G, Ou(d),p''d)® 
kQ\{G,Ouic),P^S)^ where kQ\{G,Ou(c), P^S) ■= ^W^f I ^ ^ Ou(c),^ e Ic{r,u),j G 
Jc{i)} and ac(^),DO) denotes Vl{G,o„(c),pg'),fcQl{G,o„(z,),pg') ^°' ^^^ ' ^ Ic{r,u), j e 
lD{r,u). 

Every YD module over kG has a decomposition (13. ip since every YD module is iso- 
morphic to an arrow YD module by |ZCZl Pro. 2.4], which shows every YD module over 
kG is completely reducible (see |AZ07l Section 1.2]). 

Definition 3.1. An RSR(G,r, p ,u) is said to be quantum symmetric if cr^(i) j^u) = 

c^D(j),cw)"S ^-e- cr is symmetric on pair {kQ\{G,Ou{c), Pc),kQ\{G,Ou{D), Pd)> for any 
G,D E lCr{G), i G Ic{r,u) and j G lD{r,u). 

An RSR(G, r, ~p, u) is said to he quantum weakly symmetric if crc(i\DU) = (^z)(j),c(')) ""^ 
for any G, D E ICr{G), i G Ic{r,u) and j G lD{r,u) with (C, i) ^ {D,j) (i.e. either G ^ D 
or i ^ j). 

Proposition 3.2. If a non- essentially infinite RSR(G, r, p , "u) is quantum weakly sym- 
metric, then RSR(G', r, p ,u) is a finite type. 

Proof. It follows from [GrOOl Theorem 2.2]. D 

Lemma 3.3. (i) Assume that H is a Hopf algebra with an invertible antipode and M 
is a YD H -module, Then the braiding a of ^yD is symmetric on M if and only if a is 
symmetric on Q3(M). 

(ii) The following conditions are equivalent. 

(1) RSR(G, r, p ,u) is quantum symmetric. 

(2) The braiding a of '^^yD on the arrow YD module {kQ\,ad{G,r, p ,u)) is sym- 
metric. 

(3) The braiding a is symmetric on !B(G,r, p ,u). 
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(4) a2(ajf a^yf^) = ajf ® a^yf^ for any C := x^ , D := y^ E lCr{G), i E Ic{r,u), 
i' E lD{r,u), J EJc{t), f E JdH')- 

(5) a!:^f ® o!:y/^ = {xyx^^ > a^^f) ®{x\> a'y/^) for any C := x^ , D := y^ E /C^(G'), 
i E Ic{r,u), i' E lDir,u), j E Jc{i), / G Jd(«')- 

(iii) The following conditions are equivalent. 

(1) RSR(G', r, p ,u) is quantum weakly symmetric. 

(2) cx\a'i:P ® 4'/^) = «Si^ ® 4'/^ /«^ «^?/ C" := x^,D:= y^ E /C,(G), t E Ic{r,u), 
i' E lD{r,u), J E Jc{i), 3' E Joii') with (C, z) ^ {D,i'). 

(3) atf ® a'^'/^ = {xyx-^ \> a^) ®{x> ^f/^) for any C := x^, D := y^ E /C,(G), 
i E Icir,u), i' E loir^u), j E Jc{i), / G Jd{i') with (C, z) ^ (D,i')- 

Proof, (i) It is clear since M generates 03 (M) as algebras. 

(ii) It follows from Definition 13.11 that (1) and (2) are equivalent. Part (i) im- 
plies that (2) and (3) are equivalent. Obviously, (4) and (2) are equivalent. Since 
{kQ\, ad(G', r, p , -u)) is a YD module, we have 

^'(4? ® <^f) = ixyx-' > a^f) ®{x> 4;f\ (3.2) 

Therefore, (4) and (5) are equivalent. 

(iii) It follows from (13.21) that (2) and (3) are equivalent. Obviously (1) and (2) 
according to the definition. □ 

Lemma 3.4. For C := x^,D := y^ E K,r{G), i E Ic{r,u), i' E loir^u), j E Jc{i), 
j' E JD{i'), assume that p^ and p^ are one dimensional representations; The coset 
decomposition of G"*-'"^ and G^^^^ in G are 

G = [j G<^^ge,andG= |J G"(^)/i^, 

respectively; x = gQ^u{C)gg and y = h~^u{D)hr^; gey~^ = C,e{y^^)ge' oind /i^x^^ = 
C^(x-i)/i^/ with Ce{y'^) e G'"^^) and C^(x-i) E G"(^). 
Then 

o^f ® o^f = ixyx-' > a!if) ®{x> c^f) (3.3) 



if and only if 



xy = yx and P^S iCe{y-')) pV iU^'^)) = 1 (3-4) 



Proof. By [ZUZl Pro. 1.2] or [ZZO Pro. 1.9], {xyx-^ > a!^f) ® {x > a^lp) = 
aa -la;-! 1 ® «1* !^-i 1) where a E k. Thus (13.31) holds if and only if xy = yx and a = 1. 
By (zbzl Pro. 1.2], a = 1 if and only if ([33D holds. □ 
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Proposition 3.5. // RSC((j', r, x , it) is non-essentially infinite and \3.4^ holds for 
any C := x^,D := y^ G K,r{G), i G Ic{r,u), i' G loir^u) with {C,i) ^ {D,i'), then 
RSR(G, r, p ,u) is quantum weakly symmetric. Therefore RSR(G', r, p ,u) is a finite type. 

Proof. It follows from Lemma I3.4[ Lemma 13.31 and Proposition 13.21 □ 
If 7^ g G fc and < i < n < ord{q) (the order of q), we set (0)^! = 1, 



''1' l<i<n 



where (n),! = JJ ^^Jg. I'^Jg 






In particular, {n)q = n when q = 1. 

Lemma 3.6. In kQ'^{G,r, p ,u), we have the following results. 

(i) If C = {g} G ICr{G) with i G Ic'{r,u), then there exists 7^ g G A; such that 
Pc id) = g id and a\l;i' ■ h = qa^^f^^^^ for any x^^y e C, h e G, j e Jc{i)- 

(ii) // awilo ■ h = qal^'^l^^^i^ for some Vo,Wo,e G, h E G''^^\ q e k with Vq^Wq e C E 
ICr{G), then awfJ ■ h = qa^olvoh /^^ '^'^V v,w E G with v~^w G G 

Proof, (i) It follows from [ZCZl Pro. L2]. 

(ii) Let X(j be a representation space of p^ and {x^' \ j G Jc(^)} a k-basis of X^ . 
By the proof of |ZCZl Pro. 1.2], aw]i -h = qa^'jl[^^ since x^' ■C,g{h) = qx^' by assumption. 

D 



Lemma 3.7. In co-path Hopf algebra kQ'^{G,r, p,u), assume G := g E ICr{G), 

k1 ■ Q = qa 2 . 



i E Ic{r,u), j E Jc{i) and a^f ■ g = qa^ . //zi,Z2,--- , ^m are non-negative integers, 



then 






where a^ = ii + i2 -\ him, Ph (9, m) := %^h^gr^-ih%d-ih^gm-2h ■ ■ ■ Og/l^L /?i = and 

/^m = YlT=ii^i + ^2 H h ij) ifm> 1. 

Proof. We prove the equality by induction on m. For m = 1, it is easy to see that 
the equality holds. Now suppose m > 1. We have 



13 



n^ ' • n n 

"gJm + l^g'm V^gSm-l+l^gim-l 9*1+"'",9'1' 



(^^771+1 ^(^^m V gim_l+l g^^_l gtl+1 gll J 

= qf^^-^ (m - l)g!a^*f+i,g«,n " -P<J«m-i (fl', m - 1) (by inductive assumption ) 

/'„{*j) . ^am-1+i-lV^im . rt(*'i) ^ . . . ( n^rn . A"^':)) ^l 

l"gi™ + l,gim y Ay '^ ga^_x+l-i ^gCm-l+l-^ ) ^^ "' g'^m-l+'L ^gi^m-l J i 

(by [CRI)2| Theorem 3.8] ) 
- «^™-i (m -1) I V" fr?^''^^ ■ ■ ■ rt^*'^^ 

^a„_i+z-i^(M2^^^^^^^^_^^(M2^^_^^^^^^^_^ ■ ■ ■ 4«ii,3.„] ( by lemma [31]) 

= q'^"'-^~^°'"^-^{m)g\Pgc:i!{g,m) 
= q^"^{m)g\P^t:i!{g,m). D 

Recall that a braided algebra A in braided tensor category (C, cr) with braiding cr is 
said to be braided commutative or quantum commutative, if ab = fia{a b) for any 
a,b & A, where n is the multiplication of A. 

By |CR02| Example 3.11], the multiplication of any two arrows Uy^i and a^^^, in 
co-path Hopf algebra kQ^{G, r, ~p , u) is 

o^i^-o^^ = (2/-alT^)K'"^-^) + K,.-«^)(:^-«lT^)- (3.5) 

Lemma 3.8. Let C := x^ , D := y'^ e lCr{G), i G Ic{r,u), j G Jc{i), i' e loir^u), 
j' G Joii'), a, (3 E k with ayf ■ x = aayx% and a^*f ■ y = I3axy,y in co-path Hopf algebra 
kQ^{G, r, ~f) , u). If xy = yx then a[3 = 1 if and only if 

Proof. By ([33]) and [ZCZl Pro. 1.2], we have 



"x,l y,l "'xy,x "'x,l T^ r''"'xy,y"'y,l ' 

'^y,i ' '^x'l — '^'^yx,x '^x'l + ^vx,v'^vS ' (3-7) 



Applying this we can complete the proof. □ 

Lemma 3.9. Assume that RSR(G',r, p ,u) satisfies C := {gc} ^ ^{G) for any C G 
lCr{G). Let Pcign) = Qc^d id for any G,D e ICr{G), i G Ic{r,u). 
(i) The following conditions are equivalent: 

(1) RSR{G,r,~p,u) is quantum symmetric 

(2) q^Woh = 1 for any G,De /C,(G), z G Ic{r, u), i' G /^(r, u). 
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(3) 4c?i ■ «w = (?g',c)~'«£? ■ 4c?i /«^ «^?/ C^De JCriG), I e Ic{r, u),t'e In{r, u), 

j elc{i), f e Jcit')- 

(4) 03(6*, r, p lU) is quantum commutative in ^^yD. 

(5) 53(6*, r, p ,u) is quatntum symmetric. 

(6) {kQ\,a:d{G,r, p ,u)) is quantum symmetric. 
(ii) The following conditions are equivalent: 

(1) RSR(G', r, p ,u) is quantum weakly symmetric 

(2) q^cWSc = 1 for any C,De K,r{G), i G /c(r, z/), z' G /i)(r, n) ^zt/i (C, z) ^ (D, z'). 

(3) 4a?i-«£? = (9d,c)"'«w -^c] M^nyC-,!) G /C,(G), z G /c(r,«), z' G /,,(r,«), 
3 G /c(z), / G Jcii') with (C,z) ^ (D,^'). 

Proof. By |ZCZt Lemma 2,2] , diag{kG[kQl, r, p ,u]) is the Nichols algebra Q3(G', r, p , iz) 
in l^yD. By [ZUZl Pro. 1.2], 



cr (a 



9C 



x.-y) = (c^^Ac)-^«^c,i®cy- (3-^ 



(i) By Lemma [373] (ii). (1), (5) and (6) are equivalent. It follows from (13. 8p that (6) 
and (2) are equivalent. By Lemma [3.81 (3) and (2) are equivalent. Obviously (3) and (6) 
are equivalent. (3) and (4) are equivalent since 03(6*, r, p ,u) is generated by kQ\. 

(ii) It follows from (13.81) that (1) and (2) are equivalent. (2) and (3) are equivalent 
according to (13.61) . □ 

Lemma 3.10. (See IAS98\ Lemma 3.3]) Let B he a Hopf algebra and R a braided 
Hopf algebra in ^yD with a linearly independent set {xi . . . ,Xt} C P{R), the set of all 
primitive elements in R. Assume that there exist Qj G G{B) (the set of all group-like 
elements in B) and 7^ kj i G k such that 

5{x.i) = Qi® Xi, Qi ■ Xj = kijXj, for all i,j = 1, 2, ■ ■ ■ ,t. 

Then 

{x™^x™^ ■■■x'^' \0<mj<Nj,l<j <t}. 

is linearly independent, where Ni is the order of qi := ku ( Ni = 00 when qi is not a root 
of unit, or qi = 1 ) for 1 < i < t. 

Proof. By the quantum binomial formula, if 1 < Uj < Nj, then 

A(4')= E 



rij 

' X- fi<) Xj 
0<ij<nj V ■?' / qj 



We use the following notation: 

n = (ni, ■ ■ ■ ,nj,- ■ ■ ,nt), x" = x"^ ■ ■ -x"^ ■ ■ -x"*, |n| = ni H \- nj -\ h rzj; 
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accordingly, N = (A^i, ■ ■ ■ , Nt), 1 = (1, ■ ■ ■ , 1). Also, we set 

i < n if ij < Uj, j = 1,- ■■ ,t. 
Then, for n < N, we deduce from the quantum binomial formula that 

A(x") = x"® 1 + 1®2;"+ Y^ Cn,ia;'®x""\ (3.9) 

0<i<n, OT^iT^n 

where Cn,i ^ for all i. 

We shall prove by induction on r that the set 

{x" I |n| < r, n < N} 

is linearly independent. 

Let r = 1 and let ao + X]i=i ^«^« ~ 0' with aj E k, < j < t. Applying e, we see that 
Uq = 0; by hypothesis we conclude that the other a^-'s are also 0. 

Now let r > 1 and suppose that z = X]|n|<rn<N '^"3^" = 0. Applying e, we see that 
tto = 0. Then 



Crt iX (^ X 



= A{z) = Z®1 + 1(» Z+ Y fln ^ 

l<|n|<r,n<N 0<i<n, O^-^i^n 

l<|n|<r,n<N 0<i<n, O^i^n 

Now, if |n| < r, < i < n, and 7^ i 7^ n, then |i| < r and |n — i| < r. By inductive 
hypothesis, the elements x' ® x"~' are linearly independent. Hence a^Cn,! = and a^ = 
for all n, |n| > 1. Thus On = for all n. □ 

The quantum linear space was defined in |AS98[ Lemma 3.4] and now is generalized 
as follows. 

Definition 3.11. Let 7^ kij G k and 1 < Ni := ord(/cfc^-) < 00 for any i,j G Q, 
where Q is a finite set. If R is the algebra generated by set {xj \ j E Q} with relations 

Xi' = 0, XiXj = kijXjXi for any i,jEVL with i 7^ j, (3.10) 

then R is called the generalized quatum linear space generated by {xj \ j eVL}. 

Definition 3.12. (i) RSR(G', r, /9,m) is said to be a generalized quantum linear type 
if the following conditions are satisfied: 

(GQLl) xy = yx for any C := x^,D := y'^ G K,r{G). 

(GQL2) there exists kx'y G k such that a^*f ■ y = kx,y aiyl for any C := x^^D : = 
y^ G K,r{G), i G Ic{r,u), j G Jc(0- 
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(GQL3) Jii^k!^/^ = 1 for any C := x^,D := y^ G lCr{G), % G Ic{r,u), j E Jc{i), 
i' e loir^u), f e Joii') with {x,ij) ^ iy,i',j'). 

(GQL4) 1 < Ni''^^ := ord(A;g'i^) < oo for any C := x^ e /C,(G'), i G Ic{r,u), 

(ii) RSR(G', r, p , m) is said to be a central quantum linear type if it is quantum sym- 
metric and of the non-essentially infinite type with C C Z(G) for any C G ICr{G). In this 
case, ^{G,r, p ,u) is called a central quantum linear space over G. 

Assume that A is an algebra with {b^, \ u E Q} ^ A and ^ is a total order of Q, 
N,, E N OT oo for any z/ G fi. If 

{CC---C \^i-<^2,----<Jyn,0<m,<K^;l<s<n; n G N} (3.11) 

is a basis of A, then the basis ( 13 .111) is called a PBW basis generated by {b^, \ v G Vl\. 
If {by I z^ G fi} C Qi, then it is called an arrow PBW basis. 

It is well-known that every quantum linear space is a braided Hopf algebra and has a 
BPW basis (see |AS98t Lemma 3.4]). Of course, every generalized quantum linear space 
is finite dimensional. However, it is not known whether every generalized quantum linear 
space has an PBW basis. 

Proposition 3.13. //RSR(G, r, p , u) is of the generalized quantum linear type, then 
03(6*, r, p ,u) is a generalized quantum linear space with the arraw PBW basis 

{CC---C \iy,^U2r--^i^n,0<ms<Ny^;l<s<n; n G N} (3.12) 

and 

dim{^{G,r,y,u)) = II Ni''^\ (3.13) 

C:=xG£K:r{G),i€lc(r,u),jeJc(i) 

where {by \u eVl] := Q\ with total order -< and Ny^ = N^ '■= ord{kx^'x ) if by^ = a^'( . 

Proof. Since any two different arrows in ^{G, r, p ,u) are quantum commutative (see 
Lemma [3781) and {byj'^"^ = (see Lemma [3771 ) . we have *B(G', r, 7?, w) is generated by 

For any u,iy' e n, by = a^^f and by, = a^y/'^ with G := x° , D := y^ G /C,.(G'), 
i G Ic{r,u), j G Jcii), i' e lD{r,u), j' G Jd(^')> let Qy = x and kyy = {k'lx Y^- By 
[ZCZl Pro. 1.2] we have 

5~{by) = S~{a)l:f) = X a)^f' = Qy by and 

(i' j') _l 

gy> by, = X ■ ayl' ■ X 

= ^-i^/^'o^flx-^ (by(GQL2)) 
= Kyhy, (by(GQLl)). 
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Therefore, by Lemma I3.10[ (13.121) is linearly independent. Thus f l3.12p is a basis of 

Let R is the generalized quantum linear space generated by {fej, \ u ^ Q} := kQ\. It is 
clear that there exists an algebra map -0 from R to 53(6*, r, p , m) by sending h^, to h^, for 
any z/ G fi. Since ^(G, r, p ^u) has an arrow PBW basis (13.141) . if) is isomorphic. □ 

Proposition 3.14. Assume that C = {gc} ^ Z{G) and Pq (go) = Qc d ^^ /^'^ ^''^V 
C,D e JCriG), i e Ic{r,u). Then 

(i) RSC(G', r, ^,m) is of the central quantum linear type if and only if qco'iDC ~ ^ 
and 1 < ord(g^^) < oo for any C, D G }Cr{G), i G Icii", u), j E Id{^-, u). 

(ii) RSC(G',r, x > ^) ^s quantum weakly symmetric with non-essetially infinite type if 
and only if qcDHDC ~ ^ ^''^^ ^ ^ '^^'^(Qcc) < ^^ /^'^ ^''^V C,D E ICr{G), i G Ic{r,u), 
j ElDir,u) with{G,i)^ (DJ). 

Proof, (i) If RSC((j', r, x , m) is of the central quantum linear type, then dimOS 
{G,Ou(c), Pc) < oo for any G G /C,(G), i G Ic{r,u). Let A^^*^ := ord(ggp) ( A^^'^ = oo 
when q^'^ is not a root of unit or q^'^ = 1 )• By Lemma [3.101 {iag^{)"^ | < m < A''^*^} 
is linearly independent. Thus 1 < ord{q^'^) < oo. Since RSR{G,r,~p ,u) is quantum 
symmetric, qc^QDC = 1 by Lemma I3T91 

Conversely, by Lemma 13.91 RSR(G, r, p ,u) is quantum symmetric. It is clear that 
RSR(G, r, p ,u) is of the generalized quantum linear type. Thus it is of the non-essentially 
infinite type by Proposition 13.131 

(ii) It is similar to (i). □ 

The following is the consequence of Proposition 13.131 and Proposition 3.15. 

Proposition 3.15. // RSR(G, r, p ,u) is of the central quantum linear type, then 
Q5((j', r, p ,u) is a generalized quantum linear space with the arrow BPW basis 

{CC---C \iyi^U2,---^i^n,0<ms<N,,;l<s<n; n G N} (3.14) 

and 

dim{^{G,r,-p,u)) = Y[ {N^^f-^(Pc)\c\^ (3.I5) 

CelCriG),i€lc(r,u) 

where {hy \i' eVI} := Q\ with total order -< and N^^ = ord(q'|^^) if b,y^ = CLg^i- 

In particular, ifIiSR.{G,r, p ,u) is quantum weakly commutative and of —1-type with 
G C Z(G) for any G E K,r{G), then it is of the central quantum linear type with N^ = 2 
and 

dim{^ {G,r,~p,u)) = 2^c:«.(G),>e/c('-.-)'^"§(''c )l^l. (3. 16) 
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Remark 3.16. RSR((j', r, p ,u) is called a central ramification system with irreducible 
representations (or CRSR in short ) if C (^ Z:(G) for any C G }Cr{G). If G is a real group 
and r = rcC , then CRSR(G', r, p ,u) is of finite type if and only only z/CRSR(G', r, p ,u) 
is —1-type. Indeed, The necessity follows from Proposition \2.(k the sufficiency follows 
from Proposition \3. i^[ i) since g^^ = —1 for any i G Ic{u,r). 



4 Program 

In this section the programs to compute the representatives of conjugacy classes, central- 
izers of these representatives and character tables of these centralizers in Weyl groups of 
exceptional type are given. 

By using the programs in GAP, papers |ZWCYa( IZWCYb] obtained the representa- 
tives of conjugacy classes of Weyl groups of exceptional type and all character tables of 
centralizers of these representatives. We use the results in [ZWCYa[ IZWCYb] and the 
following program in GAP for Weyl group W{Eq). 

gap> L:=SimpleLieAlgebra("E" ,6,Rationals);; 

gap> R:=RootSystem(L);; 

gap> W:=WeylGroup(R);Display(Order(W)); 

gap > ccl := Conjugacy Classes (W);; 

gap> q:=NrConjugacyClasses(W);; Display (q); 

gap> for i in [l..q] do 

> r:=Order(Representative(ccl[i]));Display(r);; 

> od; gap 

> sl:=Representative(ccl[l]);;cenl:=Centralizer(W,sl);; 
gap> cll:=ConjugacyClasses(cenl); 

gap> si : =Representative(ccl[2] ) ; ;cenl :=Centralizer (W,sl) ; ; 

gap> cl2:=ConjugacyClasses(cenl); 

gap> sl:=Representative(ccl[3]);;cenl:=Centralizer(W,sl);; 

gap> cl3:=ConjugacyClasses(cenl); 

gap> sl:=Representative(ccl[4]);;cenl:=Centralizer(W,sl);; 

gap> cl4:=ConjugacyClasses(cenl); 

gap> sl:=Representative(ccl[5]);;cenl:=Centralizer(W,sl);; 

gap> cl5:=ConjugacyClasses(cenl); 

gap> si : =Representative(ccl[6] ) ; ;cenl :=Centralizer (W,sl) ; ; 

gap> cl6:=ConjugacyClasses(cenl); 

gap> sl:=Representative(ccl[7]);;cenl:=Centralizer(W,sl);; 

gap> cl7:=ConjugacyClasses(cenl); 

gap> sl:=Representative(ccl[8]);;cenl:=Centralizer(W,sl);; 
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gap> cl8:=ConjugacyClasses(cenl); 

gap> sl:=Representative(ccl[9]);;cenl:=Centralizer(W,sl);; 

gap> cl9:=ConjugacyClasses(cenl); 

gap> sl:=Representative(ccl[10]);;cenl:=Centralizer(W,sl);; 

gap> cllO:=ConjugacyClasses(cenl); 

gap> sl:=Representative(ccl[ll]);;cenl:=Centralizer(W,sl);; 

gap> clll:=ConjugacyClasses(cenl); 

gap> sl:=Representative(ccl[12]);;cenl:=Centralizer(W,sl);; 

gap> cl2:=ConjugacyClasses(cenl); 

gap> sl:=Representative(ccl[13]);;cenl:=Centralizer(W,sl);; 

gap> cll3:=ConjugacyClasses(cenl); 

gap> sl:=Representative(ccl[14]);;cenl:=Centralizer(W,sl);; 

gap> cll4:=ConjugacyClasses(cenl); 

gap> sl:=Representative(ccl[15]);;cenl:=Centralizer(W,sl);; 

gap> cll5:=ConjugacyClasses(cenl); 

gap> sl:=Representative(ccl[16]);;cenl:=Centralizer(W,sl);; 

gap> cll6:=ConjugacyClasses(cenl); 

gap> sl:=Representative(ccl[17]);;cenl:=Centralizer(W,sl);; 

gap> cll7:=ConjugacyClasses(cenl); 

gap> sl:=Representative(ccl[18]);;cenl:=Centralizer(W,sl);; 

gap> cll8:=ConjugacyClasses(cenl); 

gap> sl:=Representative(ccl[19]);;cenl:=Centralizer(W,sl);; 

gap> cll9:=ConjugacyClasses(cenl); 

gap> sl:=Representative(ccl[20]);;cenl:=Centralizer(W,sl);; 

gap> cl20:=ConjugacyClasses(cenl); 

gap> sl:=Representative(ccl[21]);;cenl:=Centralizer(W,sl);; 

gap > cl2 1 : = Conj ugacy Classes (cen 1 ) ; 

gap> sl:=Representative(ccl[22]);;cenl:=Centralizer(W,sl);; 

gap> cl22:=ConjugacyClasses(cenl); 

gap> sl:=Representative(ccl[23]);;cenl:=Centralizer(W,sl);; 

gap> cl23:=ConjugacyClasses(cenl); 

gap> sl:=Representative(ccl[24]);;cenl:=Centralizer(W,sl);; 

> cl24:=ConjugacyClasses(cenl); 

gap> sl:=Representative(ccl[25]);;cenl:=Centralizer(W,sl); 
gap> cl25:=ConjugacyClasses(cenl); 
gap> for i in [l..q] do 

> s:=Representative(ccl[i]);;cen:=Centralizer(W,s);; 

> char:=CharacterTable(cen);;Display (cen);Display(char); 
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> od; gap> for i in [l..q] do 

> s:=Representative(ccl[i]);;cen:=Centralizer(W,s);; 

> cl:=ConjugacyClasses(cen);;t:=NrConjugacyClasses(cen);; 

> for j in [l..t] do 

> if s=Representative(cl[j]) then 

> Display(j);break; > fi;od; 

> od; 

The programs for Weyl groups of Ej, Eg, F^ and G2 are similar. It is possible that the 
order of representatives of conjugacy classes of G changes when one uses the program. 

5 Tables about —1- type 

In this section all —1- type bi-one Nichols algebras over Weyl groups of exceptional type 
up to graded pull-push YD Hopf algebra isomorphisms, are listed in table 1-12. 

Table 1 is about Weyl group W{Eq); Tables 2-4 are about Weyl group W{Ej); Tables 
5-10 are about Weyl group W{E^)] Table 11 is about Weyl group Wi^Fi)] Table 12 is 
about Weyl group W{G2)- 
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E, 












Si 


ciib] 


Order(si) 


the j such that «B(C,,,xf^) is of -1-type 


-f 


(2) 
^i 


Sl 


Cli[l] 


1 




25 


25 


S2 


Cl2[3] 


4 


4,5,6,7,17 


20 


15 


S3 


cl3[24] 


2 


13,14,23,24,25 


25 


20 


S4 


Cl4[17] 


4 


2,4,10,15,16 


20 


15 


S5 


Cl5[7] 


4 


3,4,7,8 


16 


12 


S6 


Cl6[2] 


2 


9,10,11,12,16,17,18,19,25 


25 


16 


S7 


Cl7[19] 


2 


2,3,6,7,10,12,15,16,19,20 


20 


10 


S8 


els [26] 


3 




27 


27 


sg 


clgp] 


6 


2,4,13 


18 


15 


SlO 


clio[2] 


2 


2,3,7,8,11,12,15,16,19,20,22 


22 


11 


sn 


clii[14] 


6 


3,4,13 


18 


15 


Sl2 


cli2[27] 


3 




27 


27 


Sl3 


Cll3[4] 


10 


2 


10 


9 


Sl4 


Cll4[9] 


5 




10 


10 


Sl5 


Cll5[13] 


4 


3,4,6,13,14 


16 


11 


Sl6 


Cll6[3] 


8 


2 


8 


^7 

1 


Sl7 


Cll7[3] 


6 


13 


15 


14 


Sl8 


Cll8[9] 


12 


2 


12 


11 


Sl9 


Cll9[ll] 


6 


3,4 


12 


10 


•§20 


cl2o[2] 


9 




9 


9 


S2I 


Cl2l[2] 


3 




24 


24 


S22 


Cl22[13] 


6 


2,4,13 


18 


15 


S23 


Cl23[3] 


12 


2 


12 


11 


S24 


Cl24[19] 


6 


10,11,12 


21 


18 


S25 


Cl25[4] 


6 


3,4,13 


18 


15 



Table 1 
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Er 












Si 


di[p] 


Order{si) 


the j such that D3(C,^,xf^) is of -1-type 


"?' 


-f 


Sl 


Cli[l] 


1 




60 


60 


S2 


Cl2[16] 


18 


2 


18 


17 


S3 


Cl3[15] 


9 




18 


18 


S4 


Cl4[2] 


3 




48 


48 


S5 


cl5[4] 


6 


2,3,4,8,11,12,14,40,43,44 


48 


38 


S6 


cleP] 


2 


2,4,6,8,10,12,15,16,18,20,22,26,27,28,30, 
32,35,36,38,41,42,44,46,48,50,52,54,56,58,60 


60 


30 


S7 


cl7[23] 


6 


2,3,6,7,25,26 


36 


30 


S8 


cl8[23] 


3 




54 


54 


sg 


clgp] 


2 


2,3,4,5,9,10,13,14,17,18,19,20,25,26,27, 

28,33,35,36,39,40,43,44,45,46,51,52,53,54,55, 

56,57,58,67,68,69,70,75,77,79,80,83,84,87,88 


90 


45 


SlO 


clio[21] 


6 


2,3,4,5,26,28 


36 


30 


sn 


clii[2] 


2 


2,3,7,8,11,12,15,16,19,20,27,28,29,30,31, 

32,37,38,39,40,42,44,47,48,51,52,55,56,58,61, 

62,65,66,69,70,73,74 


74 


37 


Sl2 


cli2[24] 


6 


3,4,7,8,26,28 


36 


30 


Sl3 


Cll3[4] 


2 


2,3,7,8,11,12,13,14,19,20,23,24,25,26, 

27,28,37,38,39,40,42,43,45,46,49,50, 

55,56,57,59,60,63,64,69,70,73,74 


74 


42 


Sl4 


Cll4[14] 


6 


2,4,6,8,26,27,39,40,41,42 


60 


50 


Sl5 


Cll5[3] 


3 




66 


66 


sw 


cli6[35] 


4 


3,4,7,8,11,12,15,16,34,36,38,40,51,52, 
55,56,59,60,63,64 


80 


60 


Sl7 


Cll7[2] 


2 


25,26,27,28,61,62,71,72,73,74,75,76,77, 
78,79,80,81,82,99,100,101,102,103,104,105,106 


106 


80 


Sl8 


cli8[72] 


4 


17,18,19,20,21,22,23,24,25,26,27,28,29, 
30,31,32,33,34,35,36,45,46,47,48,49,50,51,52 


76 


48 


Sl9 


Cll9[2] 


2 


25,26,27,28,29,30,31,32,43,44,45,46,47,48, 
49,50,67,68,69,70,71,72,73,74,77,78,87,88,89,90 


90 


60 


S20 


cl2o[4] 


8 


2,4,6,8 


32 


28 


S2I 


CI21 [3] 


4 


5,6,7,8,10,12,33,34,35,36,37,38,39,40,41, 
42,43,44,50,52 


60 


40 


S22 


Cl22[8] 


12 


2,5,7,8 


48 


44 


S23 


Cl23[34] 


6 


49,50,51,52 


60 


56 
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Er 












Si 


ch[p] 


Order{si) 


the j such that <B(C,^,xf^) is of -1-type 


^^ 


"f 


S24 


Cl24[47] 


4 


2,5,7,8,10,13,15,16,34,35,38,39,51,52,53, 
54,59,60,61,62 


80 


60 


S25 


Cl25[l5] 


8 


3,4,7,8 


32 


28 


S26 


Cl26[2] 


2 


2,3,4,5,6,7,8,9,21,22,23,24,27,28, 
37,38,39,40,41,42,43,44,53,54,55,56,57,58, 
59,60,62,67,68,69,70,73,74,79,80,81,82,87, 
88,89,90,95,96,97,98,101,102,104,106 


106 


53 


S27 


Cl27[51] 


6 


2,3,6,7,27,28,37,38,39,40 


60 


50 


S28 


Cl28[36] 


4 


2,3,6,7,10,11,14,15,34,36,37,39,49, 
50,53,54,59,60,63,64 


80 


60 


S29 


Cl29[2] 


2 


2,3,4,5,6,7,8,9,19,20,23,24,29,30,31, 

32,37,38,39,40,45,46,47,48,53,54,55,56, 

61,62,63,64,69,70,71,72,75,76,79,80 


80 


40 


•§30 


cl3o[2] 


2 


2,3,4,5,6,7,8,9,21,22,23,24,33,34,35, 

36,37,38,39,40,49,50,51,52,53,54,55,56, 

65,66,67,68,69,70,71,72,77,78,79,80 


80 


40 


S3I 


cl3i[22] 


4 


2,3,4,5,10,11,12,13,21,22,23,24,29,30, 

31,32,34,36,38,40,41,42,45,46,49,50,53,54 


76 


48 


•S32 


Cl32[30] 


6 


2,7,8,20,29,30,38 


42 


35 


S33 


Cl33[30] 


6 


3,4,7,8,26,28 


36 


30 


S34 


Cl34[80] 


4 


2,3,4,5,10,11,12,13,34,35,38,39,51,52, 
53,54,59,60,61,62 


80 


60 


S35 


Cl35[14] 


12 


2,4,6,8 


48 


44 


•§36 


else [40] 


6 


3,5,6,8,11,13,14,16,49,52 


60 


50 


S37 


Cl37[49] 


6 


2,3,4,5,26,27,37,38,43,44 


60 


50 


•§38 


Cl38[50] 


6 


2,5,7,8,27,28,31,32,50 


54 


45 


•S39 


Cl39[7] 


6 


2,3,6,7 


24 


20 


•S40 


Cl40[2] 


10 


2,3 


20 


18 


S41 


Cl4l[21] 


5 




30 


30 


•S42 


CI42 [33] 


12 


3,4,7,8 


48 


44 


•S43 


Cl43[39] 


6 


19,20,21,22,27,28 


42 


36 


S44 


Cl44[5] 


4 


3,5,7,9,10,12,14,16,19,21,23,25,26,28,30,32 


64 


48 


•S45 


Cl45[6] 


6 


2,3,15,16,19,20,39,40,51,52,62 


66 


55 


•§46 


Cl46[6] 


6 


2,3,6,7 


24 


20 


S47 


Cl47[5] 


10 


2,4 


20 


18 


.548 


Cl48[12] 


10 


2,4,21 


30 


27 
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Er 












Si 


ciib] 


Order{si) 


the i such that D3(C,^,xf^) is of -1-typc 


^^ 


r^' 


S49 


CI49 [5] 


30 


2 


30 


29 


S50 


cl5o[15] 


15 




30 


30 


S51 


Cl5l[8] 


7 




14 


14 


S52 


Cl52[2] 


14 


2 


14 


13 


S53 


Cl53[53] 


6 


3,4,7,8,26,28,39,40,43,44 


60 


50 


S54 


Cl54[5] 


8 


3,5,6,8 


32 


28 


S55 


Cl55[10] 


12 


3,4 


24 


22 


S56 


else [14] 


8 


3,5,6,8 


32 


28 


S57 


clsTp] 


4 


2,3,5,6,10,12,21,22,23,24,31,32,37,38,39, 
40,41,42,50,52 


60 


40 


S58 


Cl58[15] 


12 


2,4 


24 


22 


•S59 


Cl59[38] 


12 


3,5,6,8 


48 


44 


S60 


cl6o[9] 


4 


2,4,6,8,10,12,14,16,18,20,22,24,26,28,30,32 


64 


48 



Table 4 



25 



E, 












Si 


di[p] 


Order{si) 


the j such that D3(C,^,xf^) is of -1-type 


-f 


"t' 


Sl 


Cli[l] 


1 




112 


112 


S2 


cl2[29] 


30 


2 


30 


29 


S3 


cl3[23] 


15 




30 


30 


S4 


cUp] 


5 




45 


45 


S5 


clsp] 


3 




102 


102 


S6 


Cl6[6] 


10 


6,7,27,41 


45 


41 


S7 


clrp] 


2 


3,4,11,12,16,17,18,19,29,30,32,33,34, 
37,38,45,46,51,52,56,57,60,63,64,65,66,71,79, 
80,82,83,89,90,91,92,95,96,99,100,103,104, 
106,107,108,112 


112 


67 


ss 


els [4] 


6 


4,5,31,33,34,35,36,61,62,79,81,82,92,97 


102 


88 


S9 


Cl9[4] 


30 


2,4 


60 


58 


SlO 


clio[13] 


15 




60 


60 


Sn 


clii[5] 


5 




70 


70 


S12 


Cll2[2] 


3 




150 


150 


Sl3 


cli3[46] 


10 


2,4,6,8,41,44 


60 


54 


Su 


Cli4[3] 


2 


2,4,6,8,10,12,14,16,18,20,22,24,27,28,31,32, 
34,36,38,40,42,44,48,49,50,54,55,56,58,60,62,64, 
67,68,71,72,74,76,79,80,83,84,86,88,90,92,94,96, 
98,100,102,104,106,108,110,112,114,116,118,120 


120 


60 


Sl5 


Cll5[8] 


6 


2,3,6,7,29,30,31,32,37,38,39,40,77,78, 
79,80,101,102,103,104,123,124 


132 


110 


S16 


Cll6[16] 


30 


2,3 


60 


58 


Sl7 


Cll7[9] 


10 


2,3,23,24,43,44,62 


70 


63 


S18 


Cll8[4] 


6 


2,3,15,16,26,35,36,37,38,57,58,60,75,76, 
87,88,99,100,102,117,118,128,135,136,146 


150 


125 


Sl9 


cli9[23] 


20 


3,4 


40 


38 


S20 


cl2o[40] 


10 


41,42 


50 


48 


S2I 


Cl2l[8] 


2 


9,10,43,44,53,54,55,56,77,78,87,88,89,90, 

91,92,109,110,111,112,121,134,151,152,153,154, 

155,156,157,158,159,162,163,164,165,166,167 


167 


130 


S22 


Cl22[3] 


4 


2,3,4,5,19,20,23,24,35,36,39,40,43,44,47, 

48,66,68,77,78,79,80,85,86,87,88,90,92,115, 
116,119,120,131,132,135,136 


144 


108 


S23 


Cl23[39] 


10 


3,4,7,8,42,44 


60 


54 



Table 5 
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E, 












Si 


ciib] 


Order{si) 


the i such that <B(C,^,xf^) is of -1-type 


"?' 


.p 


S24 


Cl24[2] 


2 


2,3,7,8,11,12,15,16,19,20,23,24,29,30,31,32, 
35,36,39,40,43,44,51,52,53,54,55,56,59,60,63,64,69, 
70,71,72,75,76,81,82,83,84,87,88,91,92,95,96,99, 
100,103,104,107,108,111,112,115,116,119,120 


120 


60 


S25 


Cl25[44] 


10 


3,5,6,8,41 


50 


45 


S26 


Cl26[2] 


2 


27,28,29,30,31,32,33,34,55,56,79,80,81,82, 

83,84,85,86,89,90,91,92,93,94,95,96,97,98,99,100, 

101,102,103,104,105,106,107,108,122,123,124,125, 

126,127,128,129,130,131,132,133,134,151,152,153, 

154,157,158,159,160,161,162,163 


167 


105 


S27 


Cl27[28] 


20 


2,3 


40 


38 


S28 


Cl28[4] 


4 


2,3,4,5,19,20,23,24,37,38,39,40,45,46,47, 

48,66,68,78,79,80,81,82,88,89,90,91,92,115,116, 

119,120,131,132,135,136 


144 


108 


S29 


Cl29[3] 


4 


2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,66, 

68,70,72,73,75,77,79,97,98,101,102,105,106,109, 

110,115,116,119,120,123,124,127,128 


160 


120 


•§30 


cl3o[3] 


4 


2,3,4,5,18,19,27,28,29,30,33,34,35,36,57, 
58,59,60,73,76 


80 


60 


S3I 


cl3i[72] 


6 


25,26,31,32,39,40,45,46,68 


72 


63 


S32 


Cl32[2] 


3 




135 


135 


S33 


Cl33[58] 


8 


3,4,7,8,34,35,49,50,55,56 


80 


70 


S34 


Cl34[3] 


4 


5,6,7,8,11,12,15,16,29,30,31,32,38,39,40,41, 

42,55,56,57,58,63,64,65,66,85,86,87,88,89,90,91,92, 

98,99,100,101,102,108,119,120,131,132,135,136 


140 


95 


•S35 


Cl35[2] 


2 


31,32,33,34,35,36,37,38,63,64,65,66,67,68, 

69,70,71,72,73,74,104,105,106,107,108,109,110,111, 

112,113,114,115,118,119,130,131,132,133,146,147, 

148,149,150,151,152,153,154,155,156,157,159,168, 

169,170,171,172,173,174,175,178,179,182,183,198, 

199,200,201,202,203,208,209,210,211,213,215 


215 


140 


•§36 


else [64] 


8 


2,4,6,8,34,36,51,52,55,56 


80 


70 


S37 


Cl37[44] 


4 


9,10,11,12,13,14,15,16,17,18,21,22,43,44 


44 


30 



Table 6 
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E, 












Si 


ciib] 


Order{si) 


the j such that <B(C,^,xf^) is of -1-type 


-.'" 


"? 


S38 


Cl38[2] 


2 


21,22,23,24,25,26,27,28,33,34,35,36,41, 

42,43,44,69,70,71,72,75,76,79,80,89,90,91,92, 

93,94,95,96,97,98,99,100,101,102,103,104 


105 


65 


539 


CI39 [73] 


4 


4,5,8,9,10,11,14,15,20,21,24,25,26,27, 
30,31,66,67,70,71,75,76,77,78,81,82,87,88 


112 


84 


S40 


cl4o[13] 


24 


2,3 


48 


46 


S41 


Cl4l[7] 


12 


5,6,7,8,27,28,65,66,71,72 


96 


86 


S42 


Cl42[4] 


6 


49,50,51,52,53,54,55,56,91,92,93,94,95, 
96,97,98,145,146 


150 


132 


S43 


Cl43[98] 


12 


4,5,6,7,12,13,14,15,98,100 


120 


110 


S44 


Cl44[4] 


6 


57,58,59,60,133,134,139,140,141,142 


150 


140 


S45 


Cl45[3] 


4 


5,6,7,8,11,12,15,16,29,30,31,32,33,34,35, 

36,38,55,56,57,58,61,62,63,64,85,86,87,88,89,90, 

91,92,93,94,95,96,98,108,119,120,131,132,133,134 


140 


95 


S46 


Cl46[19] 


8 


2,4,6,8,9, 10,12,14,16 


64 


56 


S47 


Cl47[3] 


4 


33,34,35,36,37,38,39,40,41,42,43,44,45,46, 

47,48,49,50,51,52,53,54,55,56,57,58,59,60,61,62, 

63,64,69,70,71,72,77,78,79,80,81,82,83,84,85,86, 

87,88,137,138,139,140,141,142,143,144,146,148, 

151,152,155,156,159,160 


178 


114 


S48 


Cl48[4] 


6 


2,3,4,5,6,7,8,9,51,52,55,56,59,60,89,90,91, 
92,97,98,99,100,134,141,142 


150 


125 


S49 


Cl49[4] 


8 


4,5,6,7,33,34,35,36,66,67 


80 


70 


•S50 


cl5o[3] 


4 


2,3,4,5,9,10,11,12,18,20,22,24,41,42,43,44, 

49,50,57,58,59,60,63,64,69,70,71,72,75,76,77,78, 

79,80,85,86,98,100,102,104 


120 


80 


S5I 


Cl5l[3] 


4 


2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,66, 

67,70,71,73,76,77,80,97,98,103,104,105,106,111, 

112,115,116,117,118,123,124,125,126 


160 


120 


S52 


Cl52[9] 


6 


3,4,6,9,10,13,15,16,49,52,54,55 


72 


60 
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28 



E, 












Si 


ciib] 


Order{si) 


the j such that <B(C,^,xf^) is of -1-type 


-f 


"? 


S53 


Cl53[2] 


2 


2,3,4,5,6,7,8,9,19,20,23,24,27,28,31,32, 

37,38,39,40,45,46,47,48,53,54,55,56,61,62,63,64, 

66,68,71,72,75,76,79,80,83,84,89,90,91,92,97,98, 

99,100,105,106,107,108,113,114,115,116,121, 

122,123,124,129,130,131,132,137,138,139,140, 

145,146,147,148,150,152,154,156,159,160,163, 

164,167,168,171,172,175,176,179,180 


180 


90 


S54 


Cl54[19] 


12 


2,4,6,8 


48 


44 


S55 


Cl55[4] 


6 


37,38,39,40,43,44,45,46,59,60,61,62,103, 
104,105,106,113,114 


126 


108 


S56 


else [2] 


3 




144 


144 


S57 


Cl57[4] 


6 


2,3,5,6,7,8,15,16,18,23,24,25,26,29,30,33,34, 
60,63,64,66,105,106,111,112,113,114,136,139,140 


144 


114 


S58 


Cl58[32] 


6 


2,4,7,9,11,13,14,16,53,54,55,56,61,62, 
63,64,99,100 


108 


90 


S59 


Cl59[42] 


8 


3,5,6,8,11,13,14,16 


64 


56 


S60 


Cl60[10] 


6 


6,7,8,9,10,11,12,13 


48 


40 


■%1 


cl6i[70] 


6 


2,3,4,5,10,11,12,13,50,52,54,56 


72 


60 


Sq2 


Cl62[2] 


2 


2,3,4,5,6,7,8,9,21,22,23,24,29,30,31,32,41, 

42,43,44,45,46,47,48,57,58,59,60,61,62,63,64,67, 

68,73,74,75,76,81,82,83,84,93,94,95,96,97,98,99, 

100,117,118,119,120,121,122,123,124,125,126, 

127,128,129,130,131,132,141,142,143,144,145, 

146,147,148,151,152,155,156,161,162,163, 

164,169,170,171,172,177,178,179,180 


180 


90 


S63 


Cl63[4] 


6 


25,26,33,34,51,52,53,54,68,77,78,79,80, 
109,112,113,130,131 


135 


117 


S64 


Cl64[36] 


6 


2,3,15,16,21,22,38,39,47,48,53,54,74,75 


84 


70 


S65 


Cl65[28] 


18 


2,4,37 


54 


51 


•§66 


else [26] 


9 




54 


54 


•§67 


Cl67[18] 


18 


3,4 


36 


34 


•§68 


Cl68[4] 


6 


2,3,5,6,7,8,15,16,21,22,23,24,27,28,79, 
80,85,86,87,88 


96 


76 


•§69 


Cl69[12] 


18 


2,4 


36 


34 


•§70 


cl7o[4] 


6 


2,3,5,6,7,8,14,15,19,20,21,22,26,27,78, 
79,83,84,85,86 


96 


76 
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E, 












Si 


ciib] 


Order{si) 


the j such that ^{Os,,xT) is of -1-type 


"?' 


"? 


S71 


Cl7l[18] 


9 




54 


54 


S72 


Cl72[24] 


18 


2,5,6 


54 


51 


S73 


Cl73[40] 


12 


4,5,6,7 


48 


44 


S74 


Cl74[3] 


4 


2,3,4,5,9,10,11,12,17,20,22,23,41,42, 

43,44,49,50,57,58,59,60,63,64,69,70,71,72, 

75,76,77,78,79,80,85,86,97,100,102,103 


120 


80 


S75 


Cl75[7] 


12 


2,3,5,6,27,28,61,62,65,66 


96 


86 


S76 


Cl76[12] 


12 


2,3,6,7,49,52 


72 


66 


S77 


Cl77[36] 


12 


2,9,10,38,47,48,74 


84 


77 


S78 


Cl78[4] 


6 


29,56,57,58,59,60,61,62,63,100,101, 
102,103,104,105,106,107,108,127,129,130 


147 


126 


•S79 


Cl79[43] 


12 


7,8,14,37,38 


48 


43 


•§80 


cl8o[4] 


4 


11,12,17,18,19,20,26,35,36,39,40,41, 
46,47,48,49 


59 


43 


Ssi 


Cl8i[15] 


20 


2 


20 


19 


S82 


Cl82[7] 


12 


2,3,4,5,50,52,75,76,79,80 


120 


110 


S83 


Cl83[3] 


4 


2,3,4,5,6,7,8,9,35,36,39,40,43,44,47, 
48,69,70,71,72,77,78,79,80,85,86,87,88,93, 
94,95,96,130,132,139,140,143,144,147,148, 
151,152,173,174,175,176,181,182,183,184 


200 


150 


S84 


Cl84[107] 


12 


4,5,6,7,12,13,14,15,98,100 


120 


110 


•§85 


Cl85[ll] 


14 


2,3 


28 


26 


•§86 


else [26] 


7 




28 


28 


S87 


Cl87[3] 


14 


3,4 


28 


26 


•§88 


Cl88[18] 


14 


2,4 


28 


26 


•§89 


clggflOO] 


6 


3,5,7,9,10,12,14,16,53,54,55,56,61,62, 
63,64,99,100 


108 


90 


•§90 


cl9o[56] 


6 


3,4,23,24,29,30,38,39,43,44,57,58,73,76 


84 


70 
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30 



Es 












Si 


cU[p] 


Order{si) 


the j such that ^{Os,,xT) is of -1-type 


-f 


(2) 


S91 


cl9i[29] 


8 


2,3,10,23,24 


32 


27 


•S92 


Cl92[8] 


24 


2 


24 


23 


•S93 


Cl93[9] 


12 


2,4,6,8,50,52 


72 


66 


S94 


Cl94[4] 


6 


2,3,5,6,7,8,38,41,42,51,52,75,76,77,78, 
93,94,104,113,114,122 


126 


105 


•S95 


Cl95[35] 


12 


2,4,17,18,29,30 


72 


66 


•§96 


clgefeO] 


6 


31,32,33,34,67,68 


72 


66 


S97 


Cl97[7] 


12 


2,3,4,5,50,52,75,76,79,80 


120 


110 


•§98 


Cl98[19] 


12 


2,4 


24 


22 


•S99 


Cl99[59] 


12 


6,7,8,9,10,11,12,13 


96 


88 


•SlOO 


clioo[4] 


6 


2,3,4,5,6,7,8,9,50,52,54,56,75,76,79,80, 

83,84,87,88 


120 


100 


•SlOl 


clioi[80] 


12 


4,5,8,9,10,11,14,15 


96 


88 


S102 


clio2[84] 


6 


2,3,6,7,10,11,14,15,51,52,53,54,59,60, 
61,62,98,99 


108 


90 


•§103 


clio3[82] 


12 


2,9,10,37,39,40,74 


84 


77 


•§104 


clio4[54] 


8 


3,5,6,8,17,18,25,26,65,68 


80 


70 


•§105 


clio5[35] 


30 


2,4 


60 


58 


•§106 


Cll06[6] 


6 


2,3,4,5,27,28,31,32,35,36,39,40,75,76, 
79,80,99,100,103,104,122,124 


132 


110 


•§107 


Cll07[ll] 


8 


3,4 


16 


14 


•§108 


Cll08[4] 


6 


2,3,4,5,27,28,31,32,53,54,55,56,58,81, 
82,95,96,97,98,119,120,121,122,140,146 


150 


125 


•§109 


Cll09[4] 


6 


2,3,4,5,6,7,8,9,49,50,51,52,73,74,75,76, 

77,78,79,80 


120 


100 


•§110 


cliio[2] 


24 


3,4 


48 


46 


•§111 


elm [23] 


12 


2,4,26 


36 


33 


•§112 


clii2[92] 


6 


3,5,6,8,23,24,35,36,49,50,61,62,73,76, 

77,78,101,102 


108 


90 
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31 



F4 












Si 


ciib] 


Order{si) 


the j such that <B(C,^,xf^) is of -1-type 


^^ 


"? 


Si 


Cli[l] 


1 




25 


25 


S2 


Cl2[2] 


2 


9,10,11,12,16,17,18,19,25 


25 


16 


S3 


cl3[25] 


2 


17,18,19,20,25 


25 


20 


S4 


Cl4[16] 


4 


3,4,6,13,14 


16 


11 


S5 


Cl5[5] 


3 




18 


18 


S6 


Cl6[15] 


6 


3,4,13 


18 


15 


S7 


Cl7[10] 


2 


2,3,4,5,10,12,15,16,19,20 


20 


10 


S8 


els [19] 


2 


2,4,6,8,9,10,13,14,15,16 


20 


10 


sg 


Cl9[16] 


4 


3,5,6,8 


16 


12 


SlO 


clio[16] 


3 




18 


18 


Sn 


clii[12] 


6 


3,4,13 


18 


15 


Sl2 


Cll2[9] 


3 




21 


21 


Sl3 


Cll3[21] 


6 


10,11,12 


21 


18 


Sl4 


Cll4[ll] 


12 


2 


12 


11 


Sl5 


Cll5[10] 


6 


2,3 


12 


10 


Sl6 


Cll6[12] 


6 


2,4 


12 


10 


Sl7 


Cll7[19] 


2 


2,3,4,6,7,10,12,15,16,19,20 


20 


10 


Sl8 


Cll8[18] 


2 


2,4,6,8,9,12,13,14,19,20 


20 


10 


Sl9 


Cli9[6] 


4 


2,4,6,8 


16 


12 


•§20 


Cl20[ll] 


6 


2,3 


12 


10 


S2I 


cl2i[12] 


6 


2,4 


12 


10 


S22 


Cl22[2] 


2 


6,7,8,9,10,11,12,13 


16 


8 


S23 


Cl23[4] 


8 


2 


8 


7 


S24 


Cl24[17] 


4 


2,4,6,8,18 


20 


15 


S25 


Cl25[9] 


4 


2,4,6,8,17 


20 


15 
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32 



G2 












Si 


ch[p] 


Order{si) 


the j such that ^{Os,,xT) is of -1-type 


-f 


"r' 


Si 


Cli[l] 


1 




6 


6 


S2 


Cl2[3] 


2 


2,4 


4 


2 


S3 


Cl3[3] 


2 


2,4 


4 


2 


S4 


Cl4[4] 


2 


3,4,5 


6 


3 


S5 


Cl5[3] 


6 


2 


6 


5 


S6 


Cl6[5] 


3 




6 


6 
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6 Bi-one Nichols algebras over Weyl groups of ex- 
ceptional type 

In this section all —1-type bi-one Nichols algebra over Weyl groups G of exceptional type 
up to graded pull-push YD Hopf algebra isomorphisms are given. 

In Table 1-12, we use the following notations. Si denotes the representative of z-th 
conjugacy class of G {G is the Weyl group of exceptional type); x^ denotes the j-th 
character of C* for any i] y\ denotes the number of conjugacy classes of the centralizer 



,(2) 



ij) 



Uh 



C*; i^l denote the number of character xf of G^' with non —1-type 53(05., xl); clj[j] 
denote that Si is in j-th conjugacy class of G**. 
We give one of the main results. 

Theorem 1. Let G be a Weyl group of exceptional type. Then 

(i) For any bi-one Nichols algebra ^{Os,x) over Weyl group G, there exist Si in 
the first column of the table of G and j with I < j < I'l such that {kG,^{Os,x)) — 
{kG, Q3(Cs. , Xi )) (^s graded pull-push YD Hopf algebras; 

(ii) 5S((9s.,Xj ) ^s of —1-type if and only if j appears in the fourth column of the table 
ofG; 

(iii) diia(^{Osi,Xi )) = 00 if j does not appears in the fourth column of the table of 
G. 

Proof, (i) We assume that G is the Weyl group of Eq without loss of generality. 
There exists Si such that Si and s are in the same conjugacy class since si,S2,--- ,^25 
are the representatives of all conjugacy classes of G. Lemma 11.11 and [ZCZl The remark 
of Pro. 1.5] or Proposition 11.51 yield that there exists j such that {kG,^{Os,x)) — 



M) 



(1) ,.(2) 



,(1) 



{kG, ^{Osi, Xi )) ^^ graded pull-push YD Hopf algebras, since xl \Xi ; ' ' ' i X/ are all 
characters of all irreducible representations of G^\ 
(ii) It follows from the program. 
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(iii) It follows from Lemma 11.31 □ 

By |Ca72j . W{G2) is isomorphic to dihedral group Dq. Set y = s^ and x = S3. It is 
clear that xyx = y^^ with ord(y) = 6 and ord(x) = 2. Thus it follows from |AF07l Table 
2] that dim{^{0,^,xf)) = 4 < 00. 

It is clear that if there exists (p ^ Aut(G') such that (f>{si) = Sj then ord(sj) = 
ord(sj), z/| = Uj , ul = Uj for Weyl group G of exceptional type. Consequently, 
the representative system of iso-conjugacy classes of W{Eq) is {si \ 1 < i < 25}. 
The representative system of iso-conjugacy classes of W{F4) is {sj | 1 < z < 25, z 7^ 
8, 10, 11, 16, 17, 18, 19, 20, 21, 25}. The representative system of iso-conjugacy classes of 

W{G2) is {Si,S2,S4,S5,S6}. 

7 Pointed Hopf algebras over Weyl groups of excep- 
tional type 

In this section all central quantum linear spaces over Weyl groups of exceptional type are 
found. 

Lemma 7.1. Z{W{Ee)) = {1}; Z{W{E^)) = (1, s^}; Z{W{E^)) = (1, s^}; Z{W{F,)) = 
{l,S2};Z{WiG2)) = {l,s,}. 

Proof. If Si G Z{G), then G'' = G. 

(i) Let G = W(Wq). The number of conjugacy classes of G is 25 by table 1. The 
numbers of conjugacy classes of both G*^ and G^'^ also are 25. G, G'^'-^ and G'"^^ have 16, 8 
and 4 one dimensional representations, respectively, according to the character tables in 
|ZWCYaj . Thus S3 and sq do not belong to the center of G. 

(ii) Let G = WiW^). The number of conjugacy classes of G, G^«, G''\ G'^\ G'^-\ 
QS27^ Qsse^ Qssr^ Qs,3^ Qs,r jg 50 by table 1 -4. They have 2, 2, 24, 8, 3, 24, 48, 24, 24 
and 8 one dimensional representations, respectively, according to the character tables in 
|ZWCYaj . Thus they do not belong to the center of G but sq. Obviously sq G Z{G). 

(iii) Let G = W(Ws)- The number of conjugacy classes of G, G'^'', and G*^^ is 112 
by table 5-10. They have 2, 2 and 64 one dimensional representations, respectively, 
according to the character tables in |Z WCYb] . Thus S39 does not belong to the center of 
G. Obviously sj G Z{G). 

(iv) Let G = W{F4). The number of conjugacy classes of G, G*^, and G**^ is 25 by table 
11. They have 4, 4 and 16 one dimensional representations, respectively, according to the 
character tables in [ZWCYa] . Thus S3 does not belong to the center of G. Obviously S2 
G Z{G). 

(v) Let G = W{G2). The number of conjugacy classes of G, G'^*, G^^, and G^'^ is 6 by 
table 12. They have 4, 4, 6 and 6 one dimensional representations, respectively, according 
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to the character tables in jZ WCYa] . Thus S5 and sq do not belong to the center of G. 
Obviously S4 G Z(G'). □ 

We give the other main result. 

Theorem 2. Every central quantum linear space ?B(G',r, p ,u) over Weyl Groups of 
exceptional type is one case in the following: 

(i) G = W{Ej), C = {sg}, r = rcC and x'§ G {xi'^ \ J = 2, I 6, 8, 10, 12, 15, 16, 
18, 20, 22, 26, 27, 28, 30, 32, 35, 36, 38, 4I, 42, 44, 46, 48, 50, 52, 54, 56, 58, 60 } for 
any i G Ic{r,u). 

(ii) Let G = W{Es), C = {sr}, r = rcG and xS e {x? \ 3 = 3, 4, H, 12, 16, 17, 18, 
19,29, 30, 32, 33, 34, 37, 38, 45, 46, 51, 52, 56, 57, 60, 63, 64, 65, 66, 71, 79, 80, 82, 
83, 89, 90, 91, 92, 95, 96, 99, 100, 103, IO4, 106, 107, 108, 112 } for any i G Icir,u). 

(iii) Let G = W{Fi), G = {sa}, r = rcG and Xc ^ {X2^ \ 3 = 9, 10, 11, 12, 16, 17, 
18, 19, 25 } for any i G Icij\ u). 

(iv) Let G = W{G2), G = {s,}, r = rcG and xg^ G {xf ,X?\xf } for any i G 
Ic{r-,u). 

Proof. Let us first consider the case of (i). By Theorem [1] and Table 2, RSR(G, r, p .u) 
is of — 1-type. Applying Lemma [7!T] we have that ^(G, r, p .u) is a central quantum linear 
space. Similarly, ^{G,r, p .u) is a central quantum linear space under the other case. 

Conversely, if *B(G,r, p .u) is a central quantum linear space over Weyl Group G of 
exceptional type, then for any G G ICr{G), G has to be {sq} with G = W{Ej) or {sg} 
with G = W{Es) or {sa} with G = IV (F4) or {54} with G = IV (Gs) by Lemma EU 
This implies r = rcG and G is one case in this theorem. Furthermore, every bi-one 
type RSR{G,Ou{c)j Pc) for any i G Ic{r,u) is of —1-type by Proposition 12.61 Applying 
Theorem [1] and Table 2, Table 5, Table 11 and Table 12, we have that Xc ^^^ ^'^ ^^ °^^ 
case in this theorem for any i G Ic{f, u). □ 

In other words we have 

Remark 7.2. Let G be a Weyl Group of exceptional type and M = M{Oa: p^^') © 
M(Ca,/9(2))©- ■ ■©M(Oa,p^™0 zs aYD module overkG. Then^{M) is finite dimensional 
in the following cases: 

(i) G = W{Ej), a = se and the characters of p'^^\ p*^^^ ■ ■ ■ , p'^™'^ are in {xq \ 3 = 2, 
4, 6, 8, 10, 12, 15, 16, 18, 20, 22, 26, 27, 28, 30, 32, 35, 36, 38, 4I, 42, 44, 46, 48, 50, 
52, 54, 56, 58, 60}. 

(ii) G = W{Es), a = sj and the characters of p^^\ p^'^\ ■ ■ ■ , p^"^^ are in {xj \ j = 3, 
4, 11, 12, 16, 17, 18, 19,29, 30, 32, 33, 34, 37, 38, 45, 46, 51, 52, 56, 57, 60, 63, 64, 65, 
66, 71, 79, 80, 82, 83, 89, 90, 91, 92, 95, 96, 99, 100, 103, IO4, 106, 107, 108, 112}. 

(iii) G = W{F4), a = $2 and the characters of p'^^\ p^'^\ ■ ■ ■ , p^™^ are in {X2 \ 3 — 9, 
10, 11, 12, 16, 17, 18, 19, 25 }. 
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(iv) G = W{G2), as4 and the characters of p^^\ p^'^\ ■ ■ ■ , p*^™"^ are in {xi \ xi ? xi }• 

8 Nichols algebras of reducible YD modules 

In this section it is proved that except a few cases Nichols algebras of reducible Yetter- 
Drinfeld modules over Weyl groups of exceptional type are infinite dimensional. 

Osi and Os are said to be square-commutative if stst = tsts for any s G Og^, t E Og ■ 
a and h are said to be square-commutative if abab = baba. 

Lemma 8.1. Let G be a Weyl group of Exceptional Type. 

(i) Osi and Os are not commutative for any i and j with i,j^l when G = W{Eq). 

(ii) Osi and Og are not square- commutative when G = W{Ej) and {i,j) 7^ (9,11), 
(9,13), (11,19), (13,19) withij ^ 1,6. 

(iii) Osi and Og are not square- commutative when G = W{Es) and {i,j) 7^ (5,14), 
(5,24), (8,14), (8,24), (14,35), (14,80), (24,35), (24,80) wzthi,j ^1,7. 

(iv) Og^ and Og are not square- commutative when G = W{F4) and {i,j) 7^ (3,3), 
(3,4), (3,7), (3,8), (3,17), (3,18), (3,24), (3,25), (4,4), (4,7), (4,8), (4,17), (4,18), 
(4,24), (4,25), (7,12), (7,13), (7,17), (7,18), (8,12), (8,13), (8,17), (8,18), (12,17), 
(12,18), (13,17), (13,18) withij ^ 1,2. 

(v) Og^ and Og. are not square- commutative when G = W{G2) and {i,j) 7^ (2,5), 
(2,6), (3,5), (3,6), (5,5), (5,6), (6,6) withi,j^l,4- 

Proof. Let A := {{t,j) \ {t,j) = (9,11), (9,13), (11,19), (13,19), or i,j = 1,6 }, 
B := {(2,j) I (2,j) = (5,14), (5,24), (8,14), (8,24), (14,35), (14,80), (24,35), (24,80), or 
I, J = 1,7 }, C := {{i,j) I (2,j) = (3,3), (3,4), (3,7), (3,8), (3,17), (3,18), (3,24), (3,25), 
(4,4), (4,7), (4,8), (4,17), (4,18), (4,24), (4,25), (7,12), (7,13), (7,17), (7,18), (8,12), 
(8, 13), (8, 17), (8, 18), (12, 17), (12, 18), (13, 17), (13, 18), or i,j = 1,2}. 

(i) It follows from Table 13. 

(ii) Og- and Og. are square-commutative in W{Ej) for {i,j) G A. Sj and Sj are not 
square-commutative if {i,j) ^ A and there does not exist t such that Sj and StSjS^^ are 
in table 14-16. 

(iii) Og^ and Og^ are square-commutative in W{Es) for (i,j) G B. Si and SiioSiSno ^^ 
W{Es) are not square-commutative if {i,j) ^ B and there does not exist t such that Si 
and StSjS^-^ are in table 17. 

(iv) Og^ and Og. are square-commutative in W{F4j for (i, j) G G. Si and ssSjS^^ are 
not square-commutative in W{F4) if {i,j) ^ G and there does not exist t such that Sj and 
StSjS^^ are in table 18. 

(v) Og^ and Og. are square-commutative in W{G2) for any {i,j) but {i,j) = (2,3), 
(2,2), (3,3). S2 and s^s^s'^'^, S2 and sqS2Sq^, S3 and ssSss^"*^ are not square-commutative, 
respectively. □ 
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Note that we have proved that Os- and Osj are square-commutative in G = (W{Ei)), 
G = {W^E^)) and G = (W{F2)) if and only if {i,j) e A, B, G, respectively. The programs 
to prove that O^. and Og in WlE^) are square-commutative are the following: 

gap> L:=SimpleLieAlgebra("E" ,7,Rationals);; 

gap> R:=RootSystem(L);; 

gap> W:=WeylGroup(R);; 

gap> ccl:=ConjugacyClasses(W); 

gap> q:=NrConjugacyClasses(W);;Display (q); 

gap> conl:=Elements(ccl[ll]);;m:=Size(conl); 

gap> for k in [l..m] do 

> s:=conl[k]; 

> con2:=Elements(ccl[19]);n:=Size(con2); 

> for 1 in [l..n] do 

> t:=con2[l]; 

> if (s * ty2 = (t * sy2 then 

> Print( " k=",k," AND 1=",1, " \n"); 

>fi; 

> od; 

> od; 

For any reducible YD module M over kG, there are at least two irreducible YD sub- 
modules of M. Therefore we only consider the direct sum of two irreducible YD modules. 
We give the final main result. 

Theorem 3. Let G be a Weyl group of Exceptional Type. Then dim(Q3(M((9s-,p*^^)) © 
M(Cs^. , p*^^))) = oo in the following cases: 
(i) G = W{E,) . 

(ii) G = WiEj) and {i,j) ^ (9, 11), (9, 13), (11, 19), (13, 19) and i,j ^ 6. 
(iii) G = W{Es) and {i,j) ^ (8,14), (8,24), (14,35), (14,80), (24,35), (24,80) and 

{iv)G = W{F,) and{t,j) ^ (3,3), (3,4), (3,7), (3,8), (3,17), (3,18), (3,24), (3,25), 
(4,4), (4,7), (4,8), (4,17), (4,18), (4,24), (4,25), (7,13), (7,17), (7,18), (8,13), (8,17), 
(8, 18), (13, 17), (13, 18) and i,j ^ 2. 

(v) G = WiG2) and it,j)=^ (2,5), (3,5), (5,5) andi,j^A. 

Proof. It follows from [HS, Theorem 8.2, Theorem 8.6] and Lemma [8.1[ Note that 
the orders of Si2 in W{F4) , ss in W{Es) and sg in W{G2) are odd. □ 
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Si and StSjSf ^ are not commutative 



S2 S7S2S7^ •S7S3S7\ ^75487^ S5, Se, S7, Sg, Sg, Sio, Sn, S12, S13, Sl4, S5S15S5 ^ 



S16; Si7, S18, Si9, S20j ■S21, S22, S23, S24j S25 



53 ■S7S3S7\ SjSiSy'^, S7S5Sf \ S8S6S^\ S7, Ss, Sg, Sio, Sll, Sl2, Sl3 
Si4, S7S15S7 , S16, S17, Sis, Sig, S20, S21, S22, S23, S24, S25 

54 S7S4Sf\ SrS^Sj^, S8S6S^\ S7, Sg, Sg, Sio, Sll, S12, Si3 
Si4, S7S15S7 , S16, Si7, Sis, Sig, S20, S21, S22, S23, S24, S25 

55 S2S5S2 , S2S6S2 , S2S7S2 , S2S8S2 , S2SgS2 , S2S10S2 , Sll, S12, Si3 



Sl4, Si5, SiQ, Sij, Sis, Sig, S2S20S2 , S21, S22, S23, S24, S25 



Se S2S6S2 , S2S7S2 , S2S8S2 , S2S9S2 , S2S10S2 , Sll, S12, S12 

Sl4, Si5, S16, g5Sl7S5'\ Sis, Sig, S2S20S2'\ S21, S5g22S^\ ^23, S24, S5g25S^\ 

57 S2S7S2 , S2S8S2 , Sg, Sio, Sll, S12, Si3 
Si4, S2S15S2 , S16, S17, S18, Sig, S20, S21, S22, S23, S24, S25 

58 S2S8S2'\ S2SgS2"\ S3SioSj\ S2SiiS^\ S2Si2S^\ S13 
Sl4, S15, S16, Si7, S18, Sig, S2S20S2 , S21, S22, S23, S24, S25 

Sg S2S9S2 , S2S10S2 , S2S11S2 , S2S12S2 , S13 

514, S15, S16, Si7, S18, Sig, S2S20S2 , S21, S22, S23, S24, S25 

510 S2S10S2 , S2S11S2 , S2S12S2 , S2S13S2 , S2S14S2 , 

515, S16, Si7, S18, Sig, S2S20S2 , S21, S22, S23, S24, S2S25S2 

511 S2S11S2 , S2S12S2 , S2S13S2 , Si4, S15, S16, S17, S18, Sig, S20, S21, S22, S23, S24, S25 

512 S2S12S2 , SsSisSg , S2S14S2 Si5, S16, Si7, S18, Si9, S20, S21, S22, S23, S24, S25 

513 S2S13S2 , S2S14S2 , S15, S16, S17, S18, Sig, S20, S21, S22, S23, S24, S25 

514 S2S14S2 , Si5, S16, Si7, S18, Sig, S20, S21, S22, S23, S24, S25 

515 S5Si5S^\ S5Si6S^\ S17, SgSigSg'^ S8SigS^\ S20, S21, S22, S23, S24, S25 

516 S2S16S2 , Si7, S18, Si9, S20, S21, S22, S23, S24, S25 

517 S2Si7S^\ S2Si8S^\ S19, S20, S21, S2S22S^\ S23, S24, S25 

518 S2Si8S2'\ S8SigSg"\ S20, S21, S22S23, S24, S25 

519 S2SigS2 , S20, S21, S22, S23, S24, S25 

520 S2S20S2 , S2S21S2 , S22, S23, S24, S25 

521 S2S21S2 , S8S22Sg , S2S23S2 , S2S24S2 , S25 

522 S11S22S11 , S8S23S8 , S8S24S8 , S25 

523 S2S23S^\ S2S24S^\ S25 

524 S2S24S^\ S25 

525 S2S25S2"^ 



Table 13 
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Si 


Si and StSjSi ^ are not square-commutative 


S2 


S60S2SgQ , Seo^sSgQ , S6oS4Sgo ; "SgoSsSgQ , 


S3 


■Seo^aSeo i sqqs^Sqq , seoSsSeo ' 


S4 


SeoSiSQo , SsQ'SsSsg ' -^sgSgSsg > S44S11S44 , S44S13S44 


S5 


SeO-^sSeO 1 S44S9S44 , S44S11S44 , S44S13S44 , S44S34S44 , S44'S57S44 


S7 


SqoSjSqq , S44S8S44 , S44S9S44 , S44S10S44 , S44S11S44 , S44S12S44 , S44S13S44 , 

S44S14S44 , S44S15S44 , S44S21S44 


S8 


SeO^sSgo ) S44S9S44 , S44S10S44 , S44S11S44 , S44Sl2'S44 , •S44S13S44 , S44S14S44 , 

S44S15S44 , S44S16S44 , S44S18S44 


Sg 


S2S9S2 , S44S10S44 , S44S12S44 , S2S14S2 , S2S15S2 , S2SIQS2 , 

S2SnS2 , S2S1SS2 , S2SigS2 , S2S21S2 , S2S24S2 , S2S26S2 , S2S45S2 


SlO 


S2Sl0S2^, S2SnS2^, S2Sl2S^\ S2Sl3S^\ S2Si4S^\ S2Si5S^\ S2S2lS^\ ^25455^^ 


su 


S3SllSi^\ S2Si2S2\ SsSi3S^\ S2Sl4S^\ S2Sl5S^\ S2Si6S^\ S^S^S^^ S3Si8S;^\ 
S2'S20'52 , S3'52lS3 ' S2S25S2 , S3S26S3 , S2'S27S2 5 S2S28S2 > •S2'S29S2 > S3S30S3 , 
Sa^SlSs , S2'534'52 > 5253652 ' 52S37S2 , S2S38S2 , S2S39S2 , •S2'S40S2 ' ■52S41S2 , 
S2S44S2 , 52-54552 , 5255482 , S2S56S2 , S2S57S2 , S2S59S2 , 5256052 


Sl2 


S2Si2S^\ S2Si3S2\ S2Sl4S^\ S2Sl5S^\ S2'Sl6S^\ 82^455^^ 


Sl3 


S3Sl3S3^, S2SuS2^, S2Sl5S^\ S2Si6S^\ S^S^S^^, SaSigS^^S S2S2oS2^ , S3S2lS^\ 
S2'S25S2'\ •53S26S3^\ S2S27S2"\ S2S28S2'\ S2S29S^\ S3S30S3^\ 53^31 S3^\ 
S2S34S2"\ S2S36S2'\ S2S37S2'\ ■52S38S2"\ S2S39S^\ S2S4oS^\ S2S4lS2'\ 
S2S44S^\ S2S45'S^\ S2S54-S^\ ■S2S56S^\ S2S57S^\ ■52S59S^\ ^256052"^ 


Su 


S2Sl4S^\ S2Sl5S^\ S2Sl6S2'\ S2Sl7S^\ S2S2lS^\ S2S25S^\ S2S29S2'\ S2S36S^\ 
S2'S37'52 5 •S2S45S2 


Sl5 


S3'Sl5'S3 ? •S2S16S2 ) S2S17S2 ) S2S1SS2 , S2'S27S2 , S2S29S2 ; S2S36S2 5 S2S37S2 , 
S2'S42'S2 5 •52'S43"S2 ; -5255652 


Sl6 


S2SieS2 ; 5251752 , 525i852 , 5351953 , 5252o52 , 5252l52 , 5352553 , 5252852 , 
5252952'\ 5254552"\ 525555^\ 525575^\ 5255852^^ 


Sl7 


S3'Sl7'S3 ? S^SigS^ „ 523519523 , 5252o52 , 5352153 , 5252552 , 5352553 , 5252852 , 
5252952'\ 5353o5^\ 5353i5;^\ 525365^\ 525455^\ 525565^\ 525575^\ 5256o5^\ 


Sl8 


525l85^\ 535195;^^, 525205^\ 52521 5^\ 535265j\ 525285^\ 525295^\ 5253o5^\ 
5254452 , 5254552 ,, 5255753 


Sl9 


5351953 , 5252052 , 5252152 , 5352653 , 5352753 , 5252852 , 

525295^\ 5253o5^\ 52531 5^\ 525325^\ 525335^\ 525445^\ 525465^\ 5255452"\ 

S2555'S2 ) •S3'S57"S3 ; "52558S2 , 5255952 , 5256o52 



Table 14 
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S20 


S2S20S2^, •S2^S21.S^\ .S2^S26-S2"\ ■S2^S27-S2"\ 8282932^, 3285582^, •S2^S58-S2"^ 


S21 


.S2^S21^S^S .S3^S26-Si^\ ■S2^S28-S^\ .S2^S29-S^\ ■S2^S30-S2"\ ■S2^S32^S^\ •S2•S40■S2'^ ■S2^S44.S2"\ 
■52^S55^S2 ) •S2^S57'S2 ; •S2^S58.S2 


S22 


S2^S22^S^\ •S2^S23'S^\ •S2^S24.S2'\ S2^S45-S2^^ 


S23 


■S2^S23^S^\ •S2^S24.S^\ .S2^S45'S^^ 


S24 


S2^S24^S2 ) •S2^S45"S2 


S25 


■52^S25^S2 5 •S2^549'S2 ) ■S2^S56'S2 5 ■52^S57'S2 


S26 


■53^S26^S3 , •S2^527"52 ; •S2^S28'52 5 ■52^S29'52 ? ■S2^S30'52 5 ■S2^S31'S2 ; .S2.S44'S2 ; 
"S2^S54^S2 ) •S2^557"S2 ) ■52^S59'52 5 ■52^S60"52 


S27 


S2^S27^S^\ •S2^S29"S^\ S2^S38-5^\ ■52^S39S^\ 8284532^, 82.5595^^ 


•§28 


■S2•S28•S2'^ •S2^S29'S^\ 8283082^, 8285782^ 


S29 


8282982^, 8283082^, 8283182^, 8283282^, 8283382^, 8283482^, 8283^82^, 8284582^, 8285982^ 


S30 


8283082^, 8283182^, S2^S34.S^^ 


S3I 


.S2^S31^S2"^ 


•S32 


■52^S32^S^\ •S2^S33'S^\ 8284^82^, 8285582^, 8285882^ 


•S33 


8283382 5 •S2^546"S2 


S34 


■52^S34^S2 5 •52^S35"S2 ; •S2^S53'52 ) ■52^S59'52 


S35 


■52^S35^S2 5 •52^S53'S2 


•§36 


■52^S36^S2 5 •S2^537"S2 ; •S2^S43'52 


•S37 


■S2^S37^S^\ •S3^S43'Sj^^ 


•§38 


■S2^S38^S^\ •S2^S39'S^^ 


•S39 


■S2^S39^S2"^ 


•S40 


8284082^, •§2.541.5^^ 


S41 


S2^S4iS2 , 8285g82 


•S42 


8284282 


•S43 


8284382 


S44 


82844S2 


•S45 


8284582 


•§46 


8284682 


S47 


8284782 , •S2^S48"S2 ) •S2^S49S2 , 8285082 


•§48 


8284882 ; •S2^S49"S2 ) •S2^S50.S2 


•S49 


S2^S49^S2 , 8285082 


•S50 


8285082 


•S5I 


8285182^, 8285282^ 


•S52 


8285282^ 



Table 15 
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S53 


S2S53S2 


S54 


S2S54S2 


S55 


S2S55S2 , S2S5SS2 


•§56 


S2S56S2 , 3285182 


S57 


82857S2 


S58 


8285882^ 


S59 


8285982 


S60 


828m82 



Table 16 
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8i 


8i and 8t8jSf ^ are not square-commutative 


85 


84185841 , 854S15S5I, Sii2Si8S]"/2, 8g8268g^, 8283582^, S2SiogS2^ , 


86 


8281282^, S2^S44^S^^ 


ss 


•S41^S8^54i , •Sll2^Sl2'Sii25 ^282282 , 8^8268^ , .S2^S38^S2 


812 


8282482'^, 8282682^, 8285082-^, 8285182^, 828^282^, .S41S8OS4/ 


Si4 


8281482^, 84182184^, SgS26Sg\ 8283282^, 8283882^, S2S39^S^\ "52.S53-S2"\ Sg85eSQ\ 
898578^ , 8285S82 , 8gSQs8Q , S7O; •Sg^SlOS^Sg 


815 


•S2^S26^52'^ 


818 


•S2^S24^S2'\ 8282682^, 828^282^, 8287482^ •S41^S80^Sll^ 


821 


•S41^S21^S4l\ 8285382^ 


822 


8285682^, 8285782^, 8287082^ 


824 


•S41'S38^S4i , >S2"S39'52 ; ■541^S42'54i , S2851S2 , S35S53S35 , S2S105.S2 ) -^g^SlOe^Sg 


826 


898358g^, 8284282^, 8285182^, 82810^82^ 


835 


8284882^ 


845 


8287582 , 828^082 , .S2'Sl08'52 


•§80 


8281O682 


•SllO 


82811082 



Table 17 
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Si 


Sj and StSjS^ ^ are not square-commutative 


S3 


S23SgS23, S23Sl9S^3^ ■S5S23S^\ 


S4 


Sl4S22Sr4\ S20S23S^o^ 


S5 


S23-Sl2S^3\ ■S23Sl3S23^ 


S6 


S23Sl2S^3\ ■S23Sl3S23^ 


S7 


514575^4^, SuSgSi^, SuSgSi^ , Si4S22Si4\ 514^245^, 5145255^4^ 


S8 


S14S8S14, SuSgS];^, S1AS22S1I, 5145245^) SUS25S14 


sg 


SuSgSil, SuSigS];l, 523^23523^ 


SlO 


S23Sl2S^3\ 523^135^3^ 


su 


S23Sl2S^3\ 523^13523^ 


Su 


S23S24S23 5 ■S23'S25'523 


Sl3 


S23'S24'S23 , ■S23S25S23 


Si4 


Sl4'S22'Si4 , S23S23S23 


Sl5 


S23S20S^3^ ■S23 -5215^3^ 


Sl6 


S23S20S^3^ ■S23 -5215^3^ 


Sl7 


SuSl7S];l, SuSisS^l, SuSigS^l, Si4S22SJ"4\ 5145245^4^, 514525574^ 


Sl8 


Sl4Sl8Sr4\ SuSigS^l, S14S22S1I , 5145245^, S14S25S1I 


Sl9 


SuSigS];l, Si4S23S^4 


S22 


S14S22S14 , S14S23S14 , S14S24S14 , S14S25S14 


S23 


Sl4'S23'Sl4 5 ■Sl4"S24"Si4 , S14S25S14 


S24 


Sl4S24Sr4\ S14S25S1I 


S25 


S1AS25SU 



Table 18 
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